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Abstract: A robustly stabilizing policy optimization numerical algorithm for model-free,
stochastic state-feedback mixed H2/H∞ control is here put forward. Leveraging Itô’s stochastic
differential calculus, we propose an iterative best-response policy solver in a two-player, zero-sum
differential game and we update the continuous-time closed-loop generalized algebraic Riccati
equation therein. Our new results are illustrated by learning-enabled control systems which
gather previously disseminated system-theoretic policy optimization results in mixed design
settings into a holistic data-driven presentation with greater simplification, improvement, and
clarity.
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1. INTRODUCTION

We consider system stabilization together with Zames’
sensitivity compensation in plants disturbed by additive
Wiener process and uncertainties (Zames, 1981) under
model-free policy optimization and gradient settings. We
pose our solution in a mixedH2/H∞ linear quadratic (LQ)
optimal control problem (OCP) (Khargonekar et al., 1988)
within the family of policy optimization (PO) schemes.
Connecting this mixed design synthesis to modern policy
optimization algorithms in machine learning, we optimize
a performance index that is the upper bound on the H2-
norm of the plant transfer function subject to the plant’s
H∞-norm constraints: we must find feasible stabilizing
policies whilst guaranteeing robustness to a measure of
disturbance (Zhang et al., 2019; Cui and Molu, 2023).

PO algorithms, which encapsulate policy gradient (PG)
methods (Kakade, 2001; Agarwal et al., 2021), are attrac-
tive for modern data-driven problems since they (i) ad-
mit continuously differentiable policy parameterization;
(ii) are easily extensible to function approximation set-
tings; and (iii) admit structured state and control spaces.
As such, PG algorithms are increasingly becoming integral
to modern engineering solutions, recommender systems,
finance, and critical infrastructure given the growing com-
plexity of the systems that we build and the massive avail-
ability of datasets. A major drawback of PG algorithms,
however, is that they compute high-variance gradient es-
timates of the LQR costs from Monte-Carlo trajectory
rollouts and bootstrapping. As such, they tend to possess
slow convergence guarantees.

To address PG’s characteristic non-robustness to un-
certainty, and its characteristic slow convergence, re-
cent efforts have proposed mixed H2/H∞ control pro-
posal (Zhang et al., 2019; Zhang et al., 2019; Cui and
Molu, 2023) as a risk-mitigation design tool: imposing an
additional H∞-norm constraint on the H2 cost to be mini-

? The author is with Microsoft Research, NYC.

mized, one guarantees robust stability and performance in
the presence of unforeseen uncertainties, noise, worst-case
disturbance or incorrectly estimated dynamics – signatures
of PG algorithms.

Under stabilizable and observable system parameter con-
ditions, (Zhang et al., 2019) established globally sub-
linear and locally super-linear convergence rates in linear
quadratic (LQ) zero-sum dynamic game settings. We im-
proved upon these convergence rates in (Cui and Molu,
2023) by solving the PO problem recursively given an
initial stabilizing feedback gain that also preserved theH∞
robustness metric. In many modern engineering systems
that employ PO, however, stochastic system parameters
often have to be identified from nonlinear system trajec-
tory data. For these schemes to work, the control designer
may need to linearize nonlinear trajectories about succes-
sive equilibrium points (whilst imposing the standard sta-
bilizability and observability constraints on system param-
eters to be identified). In this paper, we take steps to curb
our earlier stabilizability and observability assumptions in
(Cui and Molu, 2023).

Contributions: We here present a holistic synthesis of
our previous dissemination, initiate a search for the initial
H∞-norm constraints-preserving feedback gain, K1, and
demonstrate the efficacy of our results on a nonlinear
numerical experimental setting. The rest of this paper is
structured as follows: in §2, we introduce notations and
contextualize the problem; in §3 we present our methods;
results that back up our claims are set forth in §4. We
draw conclusions in §5.

2. PRELIMINARIES

2.1 Notations

We adopt standard vector-matrix notations throughout.
Conventions: Capital and lower-case Roman letters are
respectively matrices and vectors; calligraphic letters are



sets. Exceptions: time variables e.g., t, t0, tf , T will always
be real numbers.

The n-dimensional Euclidean space is Rn. The real and
imaginary parts of the complex s-plane are respectively
Re(s) and Imag(s). The singular values of A ∈ Rn×n are
σi(A), i = 1, · · · , n. The standard H∞ norm of a complex
matrix-valued function G(jω) is defined over the analytic
and bounded functions in the open right-half plane as
‖G(jω)‖∞ = supω∈R σmax(G(jω)) where σmax(·) denotes
the maximum singular value. The L2 norm for a signal,
function, or the induced matrix norm is denoted ‖ · ‖2.
We let {λi(X)}ni=1 denote the n-eigenvalues of X ∈ Rn×n
where λ1 < λ2 < · · · < λn. When an optimized variable
e.g., u is optimal with respect to an index of performance,
it shall be denoted u?.

All vectors are column-stacked. The Kronecker product
of A ∈ Rm×n and B ∈ Rp×q is A ⊗ B. Symmetric n-
dimensional matrices shall belong in Sn. A positive definite
(resp. negative definite) A is written A � 0 (resp. A ≺ 0).
We denote the index of a given matrix or vector by
subscripts. Colon notation denotes the full range of a given
index. Indexing ranges over 1, · · · , n for an n-dimensional
vector. The ith row of a given matrix A is A[i,:], while
the jth column of A is A[:,j ]. Blockwise indexing follows
similar conventions.

Denote by xij the (ij)’th entry of X ∈ Rm×n and by
xi the i’th element of x ∈ Rn. The full vectorization of
X ∈ Rm×n is the mn × 1 vector obtained by stacking
the columns of X on top of one another i.e. vec(X) =

[x11, x21, · · · , xm1, x12, · · · , xm2, · · · , xmn]
T

. Let P ∈ Sn,
then the half-vectorization of P is the n(n+ 1)/2 column
vector as a result of a vectorization of upper-triangular

part of P i.e. svec(P ) = [p11, p12, · · · , p1n, · · · , pnn]
T

. The
vectorization of the dot product 〈x, xT 〉, where x ∈ Rn,
is vecv(x) := [x2

1, · · · , x1xn, x2x1, x
2
2, x2x3, · · · , x2

n]T . The
inverse of vec(x) and svec(y) are respectively the full and
symmetric matricizations: matm×n(x) =

(
vec(In)T ⊗ Im

)
(In ⊗ x), and smatm(P ) so that smat(svec(p)) = P . Here,
x ∈ Rmn and y ∈ Rm(m+1)/2 for n,m ∈ R≥0. Finally, we
denote by Tvec(A) the vectorization of AT i.e. vec(AT ) =
Tvec(vec(A)).

2.2 System Description

Consider the following nonlinear system

ẋ(t) = f(x; t) + g(x)u(t) + h(x)w(t), x(0) = x0 (1a)

z(t) = G(x, u; t), z(0) = z0 (1b)

where f(·), g(·), h(·), and G(·) are nonlinear functions
with appropriate dimensions. The state process is x ∈ Rn,
the controlled output process is z ∈ Rm, the control
input is u ∈ U ⊆ Rp, and the vector-valued (stochas-
tic) Wiener process is w ∈ W ⊆ Rq. Let the follow-
ing finite-dimensional linear time-invariant (FDLTI) sys-
tem describe the resulting linearized stochastic differential
equation

dx(t) = Ax(t)dt+B1u(t)dt+B2dw(t), x(0) = x0 (2a)

z(t) = Cx(t) +Du(t), z(0) = 0, (2b)

where dw is the Gaussian white noise; x(0) is an arbitrary
zero-mean Gaussian random vector independent of w(t);
and A, B1, B2, C, D are real matrix-valued functions of

appropriate dimensions. The random signal, x(0), and
process w(t) are defined over a complete probability space
(Ω,F ,P) where Ω is w’s sample space, F is the σ-algebra
i.e. the filtration generated by w, and P is the probability
measure on which w(t) is drawn for a t ∈ [0, T ] (where
T > 0 is fixed).

Assumption 1. We impose the following conditions on
the algorithm to be presented. We take CTC , Q � 0,
DT (C, D) = (0, R) for some R � 0; and should one wish
that the noise process in (2) be statistically independent,
then we may take B2B

T
2 = 0. Seeing we are seeking a

linear feedback controller for (2), we require that the pair
(A,B1) be stabilizable. We expect to compute solutions
via an optimization process, therefore we require that
unstable modes of A must be observable through Q. Whence
(
√
Q,A) must be detectable.

Problem 1. (Problem Statement). The goal is to keep the
controlled process, z, small in an infinite-horizon LTI con-
strained optimization setting under a minimizing control u
in spite of unforeseen disturbances w.

Let the closed-loop operator (under an arbitrary negative
feedback gain K ∈ K, u(x(t)) = −Kx(t)) mapping w to z
be ‖Tzw(K)‖2. Then,

Tzw(K) = (C −DK) (sI −A+B1K)−1B2. (3)

Or in (Zhou and Doyle, 1998)’s packed representation,

Tzw(K) ,

A−B1K B2

C −DK 0

 . (4)

Design principles in linear control theory exist for solving
problem (2) when the covariance of the noise model has a
small magnitude. For stochastic H2 control problems with
large noise intensities (such as PG methods), it suffices
to solve a linear exponential quadratic control problem
under a robustness constraint. To further contextualize the
problem, let us formally introduce the design problem.

2.3 Risk-Sensitive LEQG as a Mixed Design Problem

In (Zhang et al., 2020), the authors established that the
risk-sensitive infinite-horizon linear exponential quadratic
Gaussian (LEQG) state-feedback control problem (Jacob-
son, 1973; Whittle, 1981) is an equivalent mixed-H2/H∞
control design problem for linear time-invariant systems
with additive noise of the form (2). We iterate upon this
contribution since it introduces a measure of risk-design as
an implicit robustness metric when the process noise has
a large covariance intensity. And this is typical for policy
gradient settings. The state evolves according to (2a) and
without loss of generality, the stochastic linear system’s
performance criterion is

J (K) = lim sup
tf→∞

2γ2

tf
logE exp

[
1

2γ2

∫ tf

t=0

〈z(t), z(t)〉dt
]
.

(5)

Suppose that the variance term γ−2var(zT z) is small, then
γ is a measure of risk-propensity if γ > 0; similarly, γ can
be considered as a measure of risk-aversion if γ < 0; and
γ is a measure of risk-neutrality if γ = 0 (equivalent to the
standard state-feedback LQP). Given LEQG’s connection
under risk-propensity to the high-variance associated with



PG algorithms, throughout the rest of this paper we take
γ > 0 in our optimization process.

2.4 Mixed H2/H∞-Policy Optimization Synthesis

We now define the standard mixed H2/H∞ control prob-
lem: given system (2) and a real number γ > 0, find
an admissible controller K that exponentially 1 stabilizes
(3) and renders ‖Tzw‖∞ < γ. The set of all suboptimal
controllers that robustly stabilizes (2) against all (finite
gain) stable perturbations ∆, interconnected to the system
by w = ∆z, such that ‖∆‖∞ ≤ 1/γ can be succinctly
denoted as

K = {K : λi(A−B1K) < 0, ‖Tzw(K)‖∞ < γ} (6)

for i = 1, · · · , n. We say K 6= ∅ if the pair (A,B1) is
stabilizable and (C,A) is detectable c.f. (2).

Aside from the constraint (6), the mixed H2/H∞ perfor-
mance measure can be framed as minimizing an “upper-
bound” on the H2-norm of the cost subject to the con-
straint ‖Tzw‖∞ < γ (Bernstein and Haddad, 1989) for a
γ > 0. Abusing notation, let J (Tzw) denote the (closed-
loop) mixed H2/H∞-control performance measure for the
LTI system (2).

Lemma 1. The problem (2) with (a slightly abused)
quadratic performance measure (5) i.e.

J (Tzw) = E

{
lim sup
tf→∞

[
exp

(
2γ−2

∫ tf

t=0

〈z(t), z(t)〉dt
)]}

(7)

admits a unique solution x(t) to (2) after optimizing
minK∈K J (·) under the unique and optimal controller,

u?(x(t)) = −R−1BT1 P (t)x(t), t ∈ [0, tf ]. (8)

In (8), P (t) is the unique, symmetric positive solution to
the continuous-time generalized algebraic Riccati equation
(GARE)

PA+ATP − P
(
B1R

−1BT1 − γ−2B2B
T
2

)
P +Q = 0 (9)

if Q � 0 for a γ > 0.

Proof 1. This Lemma is the infinite-horizon retrofitting
of Duncan’s solution to the LEQG control value function
based on a standard completion of squares and a Radon-
Nikodym derivative (Duncan, 2013, Th II.1).

Corollary 1. (Th 9.7 Başar (2008)). The GARE (9) in
an infinite-horizon LTI setting admits an equivalent LQ
two-player zero-sum differential game with the following
upper value

J (Tzw) = lim sup
tf→∞

inf
u∈U

sup
w∈W

∫ tf

t=0

[
xT (t)Qx(t)+

u(·)TRu(·)− γ−2wT (t)w(t)
]
dt, ∀x ∈ Rn

(10)

subject to assumption 1 (Başar, 2008, §. 9.7). Note that
γ > 0 can be interpreted as an upper bound on the L2 gain
disturbance attenuation or the H∞-norm of the system.
In addition, let a finite scalar γ∞ > 0 exist, then for all
Γ , inf{γ > γ∞}, (9) has a unique, finite, and positive
definite solution if (C,A) is observable.

1 Concerning matters relating to linear systems, we take exponential
stability to mean internal stability, so that the transfer matrix
belongs in the real-rational H∞ space i.e. Tzw ∈ RH∞.

Corollary 2. (Th 4.8, (Başar, 2008)). If Γ 6= ∅, and if the
LQ zero-sum differential game has a closed-loop perfect-
state information structure defined on [0, tf ], tf → ∞,
then (10) admits a unique solution with feedback controls

u?(t) = −R−1BT1 Pγx(t), w?(t) = γ−2BT2 Pγx(t) (11)

for a t ≥ 0, γ > γ∞. Note that Pγ is the unique solution
to (9) in the class of positive definite feedback matrices
(where the subscript γ on P denotes its direct dependence
on γ) which makes the following feedback matrix Hurwitz,

Aγ = A− (B1R
−1BT1 − γ−2B2B

T
2 )Pγ . (12)

Remark 1. Clearly, (10) is a minimax problem whose
controller admits the form

min
u∈U

max
w∈W

J (Tzw) = lim sup
tf→∞

∫ tf

t=0

[
xT (t)Qx(t)

+uT (·)Ru(·)− γ−2wT (t)w(t)
]
dt, ∀x ∈ Rn.

(13)

Another common form of J (Tzw) easily amenable to pol-
icy gradient algorithms is J(Tzw) = Tr(PγB2B

T
2 ) (Mustafa,

1989).

Remark 2. The cost (13) is nonconvex and not coer-
cive (Zhang et al., 2019). However, our iterative solver (Cui
and Molu, 2023) guarantees uniform linear convergence of
the iterates during optimization.

Remark 3. The objective (13) is differentiable for any
K ∈ K, and its policy gradient ∇J (Tzw) := 2(RK −
BTPγ)Λγ ; here, Λγ admits a form amenable to a (contin-
uous time) closed-loop Lyapunov equation (Zhang et al.,
2019, Lemma A.4) i.e.,

Λγ(A−B1K + γ−2B2B
T
2 Pγ)T+

(A−B1K + γ−2B2B
T
2 Pγ)Λγ +B2B

T
2 = 0.

(14)

For γ > 0 and γ 6= σi(B2), i = 1, · · · , n, we define the
following closed-loop Hamiltonian matrix for a (γ,K) pair

H(γ,K) =

[
A−B1K −γ−1B2B

T
2

−γ−1(CTC +KTRK) −(A−B1K)T

]
(15)

where we have used R = (DTD − γ2I) and S = (DDT −
γ2I) as in (Bruinsma and Steinbuch, 1990, Eq. 2.2).

3. METHODS

We now introduce a nonlinear identification procedure,
followed by linearization, and closed-loop H∞ parameter
search schemes. We close the section with an iterative
solver for the GARE (9).

3.1 Nonlinear Identification and Linearization

We remark that the user is not limited to the method
to be introduced but in our experience, our identifi-
cation scheme is interpretable and useful for debug-
ging real-world and physical systems. We use the parsi-
monious Nonlinear Auto-Regressive Moving Average
with eXogeneous input (NARMAX) (Chen et al., 1989).
which has powerful yet simple parsimonious representation
capability on real systems. We first identified a suitable
NARMAX structure and model parameters, compute equi-
librium points – about which we linearized to a form of



(2), before we estimate the robustly stabilizing and optimal
control policy for the mixed H2/H∞-control problem.

Suppose that an input-output data from a real sys-
tem defined by (1) has been collected. Denote this as
DN = {z1, · · · , zm, u1, · · · , up, w1, · · · , wq}. Let the max-
imum lags in the input, disturbance, and output data be
denoted by nu, nw, and ny respectively. We fit a polyno-
mial NARMAX model to DN with the power-form `-degree
polynomial,

z(t) = θ0 +

n∑
i1=1

θi1xi1(t) +

n∑
i1=1

n∑
i2=i1

θi1θi2xi1(t)ui2(t) · · ·

+

n∑
i1=1

· · ·
n∑

i`=i`−1

θi1 · · · θi` xi1(t) · · ·xi`(t) + e(t) (16)

whose parameters θi1...im ,m ∈ [1, l] are to be identified.
The model structure has order n = nz+nu+nw+ne, where
ne is the maximum order for a pseudo-random binary
sequence e(k) that aids identification robustness. The state
variables are explicitly,

xm(k) =


z(k −m), 1 ≤ m ≤ nz

u(k − (m− nz)), nz + 1 ≤ m ≤ nz + nu

w(k − (m− nz − nu)), nz + nu + 1 ≤ m

≤ nz + nu + nw

e(k − (m− n + ne)), n− ne + 1 ≤ m ≤ n.

(17)

Equation (16) admits a linear regression model of the

form z(t) =
∑M
i=1 φi(t)θi + e(t) for t = 1, · · · , N and

a process noise e(t). Or in matrix form: Z = ΦΘ + Ξ,
where Φ = [φ1 · · ·φM ] denotes the regression matrix, and
Θ = [θ1, · · · , θM ] are parameters to be learned, typically
in a regression process. The solution to the least squares
cost minΘ ‖z−ΦΘ‖2 yields the parameter estimates Θ for
the nonlinear model.

We adopt the computationally efficient Householder trans-
formation in transforming the information matrix, ΦTΦ
into a well-conditioned QZ-matrix partition. Afterwards,
we recover NARMAX parameters by solving the resulting
triangular system of linear equations in a least squares
sense.

Given that the nonlinear structure is unknown ahead
of time, we start with large values of nz, nu, and nw
in P – adding regression variables that capture natural
properties such as damping and friction e.t.c. in order to
capture as many nonlinear variation that exist in the data
as possible. We then iteratively pruned the parameters
using the error reduction ratio algorithm (Billings, 2013)
within the forward orthogonal regression least square
algorithm (Chen et al., 1989).

3.2 NARMAX Linearization

The conditions stipulated in Assumption 1 must be real-
ized before we can implement a learning-based procedure.
The identified NARMAX model is then linearized about a
suitable equilibrium point to obtain a form of (2) in state
space form. In our experience, we have always found As-
sumption 1 to be satisfied after linearization. Suppose that
the pair (A,B) is still not controllable after linearization
(we have not seen this in practice), a perturbation can be
made of the multi-input LTI system as follows: Suppose

that there exists a diagonalizable matrix M such that
Ā = M>AM , and B̄ = M>B. Then (A,B) can be reduced
to (Ā, B̄) as follows:

Ā =

[
Acnt ∗

0 Ācnt

]
, B̄ = [Bcnt · · · 0]

T
(18)

for 2

Acnt =


A11 A12 · · ·A1,p−1 A1p

A21 A22 · · ·A2,p−1 A2p

0 A32 · · ·A3,p−1 A3p

...
...

...
0 · · · App

 , Bcnt =


B1

0
...
0

 (19)

where p is a pair’s controllability index, blocks B1, A21,
· · · , Ap,p−1 possess full row ranks, and dim(Ācnt) =

dim[(A,B)cnt.

3.3 LEQG/LQ Differential Game

In (Cui and Molu, 2023, Algorithm II), we introduced
an iterative solver for the closed-loop controls u and w
respectively. A key drawback is the need for the first
K1 ∈ K to be known. This limits the practicality of
the algorithm to data-driven PO schemes. In addition,
our examples did not illustrate a means of respecting
the stabilizability and detectability assumptions needed to
guarantee a solution to the minimax problem (13). We now
provide an all-encompassing learning scheme for obtaining
the solution to the mixed H2/H∞-control problem in a
purely data-driven setting compatible with modern model-
free policy optimization schemes.

Let p ∈ P and q ∈ Q denote the iteration indices at which
the controllers up(t) = Kpx(t) and wq(t) = Lqpx(t) are
updated in (11), where Kp and Lqp are feedback gains

Kp = −R−1BT1 P
q
p , L

q
p = γ−2BT2 P

q
p . (20)

Furthermore, let the closed-loop transition matrix under
the gains of (20), and quadratic matrix term in (13) be
(see (Cui and Molu, 2023, Equation 12))

Aγ = A−B1Kp +B2L
q
p, Qγ = CTC +KT

p RKp. (21)

Observe: P qp is finite if and only if the closed-loop system
matrix Aγ possesses eigenvalues with negative real parts.
In this case, P qp , for p, q = 0, 1, 2, · · · is the unique positive
definite solution to the closed-loop GARE

ATγ P
q
p + P qpAγ +Qγ − γ−2LqTp Lqp = 0 (22)

where recursively, (20) holds for p, q = 1, 2,. Note that
K1 must be chosen such that A1

γ = A − B1K1 + BT2 L
1
1 is

Hurwitz and its closed-loop H∞ norm transfer function is
bounded from above by a user-defined γ > 0 (Kleinman,
1968). Then (i) K1 ≤ P qp+1 ≤ P qp ≤ · · · , p, q = 1, 2,

(ii) lim(p,q)→∞ P qp = P . See proof in (Cui and Molu, 2023).

3.4 Mixed Sensitivity Initialization

In (Cui and Molu, 2023), we had established that in
order for our model-free algorithm to work in a purely
data-driven setting, K1 must be in the constraint set K.
The means for finding a K1 that satisfies the constraints
equation (6) is itemized in algorithm 1.

2 X̄cnt signifies the non-controllable part of X.



Algorithm 1 Search for the closed-loop H∞-norm

1: Given a user-defined step size η > 0
2: Set the initial upper bound on γ as γub =∞.
3: Initialize a buffer for possible H∞ norms for each K1

to be found, Γbuf = {}.
4: Initialize ordered poles P = {pi ∈ Re(s) < 0 | i =

1, 2, } . p1 < p2 < · · ·
5: for pi ∈ P do
6: Place pi on (2); . (Tits and Yang, 1996)
7: Compute stabilizing Kpi

1
8: Find lower bound γlb for H(γ,Kpi

1 ); . using (23)
9: Γbuf (i) = get hinf norm(Tzw, γlb, K

pi
1 ).

10: end for
11: function get hinf norm(Tzw, γlb, K

pi
1 )

12: while γub =∞ do
13: γ := (1 + 2η) γlb;
14: Get λi(H(γ,Kpi

1 )) . c.f. (15)
15: if Re(Λ) 6= ∅ for Λ = {λ1, · · ·λn} then
16: Set γub = γ; exit
17: else
18: Set buffer Γlb = {}
19: for λk ∈ {Imag(Λ):p−1} do . k = 1 to K
20: Set mk = 1

2 (ωk + ωk+1)
21: Set Γlb(k) = max{σ [Tzw(jmk)]};
22: end for
23: γlb = max(Γlb)
24: end if
25: Set γub = 1

2 (γlb + γub).
26: end while
27: return γub
28: end function

Following Corollary 2, we must first find the upper bound
of γ i.e. γ∞ := γub whereupon the unique, finite, and
positive definite solution to the GARE is satisfied. Let us
now introduce the following proposition.

Proposition 1. (Bruinsma and Steinbuch (1990)). For all
ωp ∈ R, we have that jωp is an eigenvalue of the Hamilto-
nian H(γ1) if and only if γ1 is a singular value of Tzw(jωp).

Remark 4. Singular value computation is easily obtain-
able given a frequency of a system. Proposition 1 allows
us to obtain all frequencies that correspond to a single
eigenvalue.

Procedure: We search for stabilizing gains Kpi
1 over the

space of negative reals (or range matrix inequalities for
multiple input systems) such that each Kpi

1 on line 7 of
Algorithm 1 is stabilizing. A starting lower bound for each
γi corresponding to gain Kpi

1 can be set

γlb := max{σmax(G(0)), σmax(G(jωp)), σmax(B2)} (23)

where ωp is chosen as specified in (Bruinsma and Stein-
buch, 1990, Eq. (4.4)). TheH∞ computation scheme is fast
and has a guaranteed quadratic convergence (since γlb(i+
1) > γlb(i)) if the poles are chosen to make (A − B1K)
Hurwitz. Given a user-defined step size, η, the rest of the
algorithm consists in iteratively increasing the value of γlb
until all eigenvalues of the closed-loop system Hamiltonian
c.f. (15) have no imaginary part.

The H∞ norm computation scheme is based on the sin-
gular values of (3) and the eigenvalues of (15). For poles
far to the left of the origin, γ will be small. However, as

Fig. 1. Performance Robustness Trade-off Curve.

Fig. 2. Computed H∞-norm for searched poles. We see that the
closer to the origin, the greater the value of ‖Tzw‖H∞

λ→ 0, γ →∞. Thus, a critical value of γ? can be obtained
(see Fig. 2) above which the system becomes unstable
(the cost becomes infinite; c.f. (Ogunmolu et al., 2018,
Fig. 1)). We employ this heuristic to choose a K1 that
satisfies constraint (6). This algorithm 1 finds the system’s
H∞ norm; part of it is an adaptation of (Bruinsma and
Steinbuch, 1990)’s fast H∞ computation algorithm which
enjoys quadratic convergence as opposed to the popular
bisection algorithm (Zhou and Doyle, 1998). On line 6, we
used (Tits and Yang, 1996)’s globally fast and convergent
pole placement algorithm and leveraged the implementa-
tion provided in the scipy library.

3.5 Iterative Two-Player LQ Zero-Sum Game

We now analyze the dynamic game. Putting (21) into (22),
we have

(ATP qp+P qpA) + (Qp − γ−2LqTp Lqp) + LqTp BT2 P
q
p−

−KT
p B

T
1 P

q
p − P qpB1Kp + P qpB2L

q
p = 0, (24)

which in vector form can be written as

svec
(
ATP qp + P qpA

)
+ svec

(
Qp − γ−2LqTp Lqp

)
− smat

[
(In ⊗KT

p ) + (KT
p ⊗ In)Tvec

]
vec(BT1 P

q
p ) (25)

+ smat
[
In ⊗ LqTp BT2 + (LqpB

T
2 ⊗ In)

]
mat(svec(P qp ))

where p, q are iteration indices for the controller u and
disturbance w respectively (introduced formally in Algo-
rithm 2) and n,m are as defined in §2.2. We know that
the differential game (13) admits equal upper and lower



optimal values owing to the GARE (10) having a positive
definite solution i.e. J ? = xTPx (Başar, 2008, Th 4.8
(iii)). Control laws must therefore be computed along the
trajectories of (2), using the derivative of J ? = xTPx. At
the iteration pair (p, q), d(J ?(x; t))) admits the solution
(by Itô’s differential rule)

d(xTP qpx) = xT (ATP qp + P qpA
q
p)xdt+ 2xTP qpB1updt

+ 2xTP qpB2dw + Tr(BT2 P
q
pB2)dt

(26)

where Tr(M) denotes the trace of M .

Letting φ(t) = [vecvT (x), 2(xT ⊗uT ), 1]T , and integrating
the above on the interval [0, tf ], we find that

1

tf

∫ tf

0

φd(vecvT (x))︸ ︷︷ ︸
Ψ̂(tf )

svec(P qp ) =

svec(ATP qp + P qpA)

vec(BTP qp )

Tr(BT2 PB2)

×
1

tf

∫ tf

0

φφT dt︸ ︷︷ ︸
Φ̂(tf )

+
1

tf

∫ tf

0

2φxTP qpB2dw

(27)

where the last term tends to zero as tf → ∞. We now
recall Lemmas A.7 and A.8 in (Cui and Molu, 2023), so

that the following holds almost surely: limtf→∞ Φ̂(tf ) =

Φ ≡ E(φφT ), and Ψ = limtf→∞ Ψ̂(tf ). Hence,svec(ATP qp + P qpA)

vec(BT1 P
q
p )

Tr(BT2 P
q
pB2)

 = Φ−1(tf )Ψ(tf ) svec(P qp ). (28)

Furthermore, let n1 := n(n + 1)/2 and n2 := n1 + mn.
Then, we may write

svec(ATP qp + P qpA) = [Φ−1][1:n1]Ψ svec(P qp ) (29a)

vec(BT1 P
q
p ) = [Φ−1][1+n1:n2]Ψ svec(P qp ). (29b)

Define Φ̂1 = [Φ−1][1:n1], Φ̂2 = [Φ−1][1+n1:n2], so that (25)
in light of (29) becomes

Φ̂1Ψ svec(P qp ) + svec
(
Qp − γ−2LqTp Lqp

)
− smat

[
(In ⊗KT

p ) + (KT
p ⊗ In)Tvec

]
Φ̂2Ψ svec(P qp )

+ smat
[
In ⊗ LqTp BT2 + (LqpB

T
2 ⊗ In)

]
mat(svec(P qp )) = 0

(30)

Rearranging the above and letting

Υq
p = Φ̂1Ψ− smat

[
(In ⊗KT

p ) + (KT
p ⊗ In)Tvec

]
Φ̂2Ψ

+smat
[
In ⊗ LqTp BT2 + (LqpB

T
2 ⊗ In)

]
mat( (31)

it can be verified that the cost matrix P qp (c.f. (11)) admits
the solution

svec(P qp ) = (Υq
p)
−1svec

(
Qp − γ−2LqTp Lqp

)
. (32)

The entire procedure for updating the control laws in an
iterative manner is described in Algorithm 2.

We note in passing that inversion of matrix terms are effi-
ciently computed using standard Cholesky factorizations.
We refer interested readers to (Cui and Molu, 2023) for
the convergence and robustness analyses of our results.

Algorithm 2 Mixed H2/H∞-Control Synthesis

1: Collect I/O data, and identify the nonlinear model (1)
following §3.1.

2: Obtain ZL = {A,B1, B2, C,D} by linearizing the
NARMAX model in step 1 . See §3.1

3: Form matrices R := DTD � 0, Q := CTC
4: Using ZL, find K̂1 ∈ K . alg. 1; Pick a suitable γ
5: Run (2)’s time response with K1 ∈ K on ZL.

6: Form state-control data (Φ̂1, Φ̂2, Ψ̂) . Eq. (31);

7: K̂ q̄
p̄ , L̂

q̄
p̄, P̂

q̄
p̄ = robust gains(Φ̂1, Φ̂2, Ψ̂, x(t), p̄, q̄, γ)

8: for t = 1, · · · , tf do

9: Apply u(x) = K̂ q̄
p̄x(t), w(x) = L̂q̄p̄x(t) to eq. (2)

10: end for
11: function robust gains(Φ̂1, Φ̂2, Ψ̂, p̄, q̄, γ)
12: Initialize q = 1
13: Initialize L1

1 . Set to zeros or randomly initialize
14: for p ∈ 1 to p̄ do
15: while q ≤ q̄ do
16: Find in order: Υ̂q

p, P̂
q
p . Eq. (31) & (32);

17: Compute L̂qp ← γ−2BT2 P̂
q
p . Eq. (11)

18: Update q ← q + 1
19: end while

20: Form smat(vec(B̂T1 P
q̄
p )) . Eq. (29b)

21: Compute K̂ q̄
p+1 ← R−1B̂T1 P

q̄
p . Feedback gain;

22: end for
23: return K̂ q̄

p̄ , L̂
q̄
p̄, P̂

q̄
p̄

24: end function

4. RESULTS

We now present numerical results of the algorithm de-
scribed in the foregoing.

4.1 Car Cruise Control System

We consider a car cruise control system (Åström and
Murray, 2021, §3.1) whereupon a controller u(x(t)) =
[u1(t), u2(t)] must maintain a constant velocity v (the
state), whilst automatically adjusting the car’s throttle,
u1(t), t ∈ [0, T ] despite disturbances characterized by
road slope changes (u3 = θ), rolling friction (Fr), and
aerodynamic drag forces (Fd).

This control design problem is well-suited to our robust
control formulation because (i) the disturbances and state
variables are separable and can be lumped into the form of
the stochastic differential equations (1) and (2); (ii) it is a
multiple-input (throttle, gear, vehicle speed) single-output
(vehicle acceleration) system that introduces modeling
challenges; (iii) the entire operating range of the system
is nonlinear though there is a reasonable linear bandwidth
that characterize the input/output (I/O) system as we will
see shortly. The model is

m
dv

dt
= αnuτ(αnv)−mgCrsgn(u)

− 1

2
ρCdA|v|v −mg sin θ (33)

where v is the velocity profile of the vehicle (taken as the
system’s state), m is vehicle’s mass, αn is the inverse of the
vehicle’s effective wheel radius, τ is the vehicle’s torque –
it is controlled by the throttle u := u1. The rolling friction



coefficient is Cr and Cd is the aerodynamic drag constant
for a vehicle of area A. The road curvature, θ, is modeled
as a Wiener process c.f. (2) with wi(t) ∼ N (0, 1) where

for i ∈ [1, · · · , ], dwi =
∑i
j=1 wj . If we let x := v, u1 :=

u, u2 := αn, and u3 := θ and set Cr = 0.01, Cd = 0.32,
ρ = 1.3kg/m3, A = 2.4m2 (following (Åström and Murray,

2021)), then the torque τ is τ = τm − τmβ (ω/ωm − 1)
2
,

where β = 0.4, ωm = 420 and τm = 190. Simplified, we
write

τ = 190− 76

(
39x

420
− 1

)2

.

4.2 Nonlinear Identification and Linearization

In our NARMAX structure selection and model estimation
scheme, we first start with a large number of parameters
and regressors that consists of the polynomial expansion
in (16), sinuoisal, and signum functions following (33).
We choose a polynomial degree of 3 and the inputs u and
state lags x were chosen as [1, 1, 1] and [1] respectively. We
employed the forward regression orthogonal least squares
algorithm (Chen et al., 1989) in estimating the paramet-
ric terms of the model. We then employed the error
reduction ratio (Chen et al., 1989; Billings, 2013) al-
gorithm in pruning away extraneous terms. This whittled
down the eventual model to the following parsimonious
representation

ẋ(t) = 0.062518u2(t)x(t)− 0.12051u1(t)u2
2(t)

+ 0.00081339u3
2(t) + 0.9767 sin(u3(t)). (34)

The NARMAX structure selection and model estimation step
produced a root relative test error of 0.0661 (see
Fig. 4). Using (33) with u3 ∼ N (0, 0.05), a constant gear
ratio of 40 and a car mass of 1600kg, we collect I/O data
with 40,000 samples in continuous time as shown in Fig.
3.With the input-output data, a NARMAX model was
identified whose prediction error with respect to held-out
validation data is shown in Fig. 4.

To amend the nonlinear control problem (1) to the setup
(2), we compute the values of the states, inputs, and
outputs for system (16)’s equilibrium points: xeq := vref ,

ueq := [u1, u2], and zeq , vref given initial values x(0) =
20, u(0) = [0, 40], and z(0) = 20. The resulting linearized
system (2) is

A = [ 100.0288 ] , B1 = [−193.072, 137.3123 ] ,

B2 = [−17014.7221, −10557.48189 ] C = [ 1, 0 ] (35)

and D is [1, 1]. As seen, the pairs (A,B1) is stabilizable
and (C,A) is observable – notable features of linearizing
the NARMAX model in that it faithfully captures a system’s
parsimonious model.

4.3 Efficacy of the Learning Algorithm

After running Algorithm 1, we found a γ of value 500 to
be a suitable value for robustly compensating for a change
in road slope with angle θ = 40. The goal is to regulate
the speed of the car so that despite the change in slope, a
constant speed of 40m/s is maintained. We then run Alg.
2 for R = I, solve for Υ and equations (31) and (32) based
on collected data on the linearized system (35). We run
Alg. 2 on the collected data (see line 6 of Alg. 2). We then

Fig. 3. Car speed and road inclination input identification signals.

Fig. 4. Top: Model prediction vs. actual car acceleration. Bottom:

Residuals.

test the efficacy of the computed solutions to the final gains
K q̄
p̄ and cost matrix P q̄p̄ using our iterative solver (c.f. Alg.

2) against (known) computed optimal values for the cost
matrix P ? and gain K? using Duncan’s Riccati equation
(9) and control law in (8). We set iteration max indices to



Fig. 5. Relative estimation error for the cost and gain matrices.

20 and 30. The relative errors between our solver and these
solutions are shown in Fig. 5. We see that both parameters
converge to their optimal values in within the first two
iterations; this is despite the disturbance and unknown
model aforetime.

5. CONCLUSION

Following up on our recent contribution (Cui and Molu,
2023), we have presented a framework for discarding the
restricting assumption of stabilizability and observability
in linear plants under a mixed sensitivity design frame-
work. We first identified the nonlinear system, linearized
it, found appropriate H∞ bounds for the system and then
deployed our learning algorithm. We introduced a fast
means for finding the linearized system’s H∞-norm; and
then simplified the two-loop mixed sensitivity algorithm
earlier disseminated in Cui and Molu (2023). Further nu-
merical results on a car’s cruise controller is here presented
to fortify the credibility of our previous results. Some open
problems, which we intend to treat in the near future
include

(1) systems with finite-escape time in the solution to
differential equations (1) and (2) i.e. there exists dis-
continuity that incapacitates the Lipschitz continuity
assumption of f(x, u) in x. Of what relevance is finite-
time stability in such mixed sensitivity analyses?

(2) multiplicative noise in the system dynamics; and
(3) a large scale study of robustness analyses to dis-

tributed computing systems.
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