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Talk Outline and Overview

Continuous-
Time
Stochastic

Policy m Policy Optimization and Stochastic Linear Control

Optimization

m Connections to risk-sensitive control;
m Mixed Hy/Hoo control theory.

Qutline and m The case for convergence analysis in stochastic PO.

Overview

Lekan Molu

m Kleinman's algorithm, redux.

m Kleiman's algorithm in an iterative best response setting;

m PO Convergence in best response settings.
m Robustness margins in model- and sampling- settings.

m PO as a discrete-time nonlinear system;

m Kleiman and input-to-state-stability;

m Robust policy optimization as a small-input stable state
optimization algorithm
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Research Significance

Continuous-
Time
Stochastic
Policy
Optimization

m (Deep) RL and modern Al

outline and m Robotic manipulation (Levine et al., 2016), text-to-visual
Overview processing (DALL-E), Atari games (Mnih et al., 2013),
e.t.c.

Lekan Molu

m Policy optimization (PO) is fundamental to modern Al
algorithms’ success.

m Major success story: functional mapping of observations to
policies.

m But how does it work?
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Policy Optimization — General Framework

Continuous-
Time

i m PO encapsulates policy gradients (Kakade, 2001) or PG,
LI actor-critic methods (Vrabie and Lewis, 2011), trust
e (Y region PO Schulman et al. (2015), and proximal PO

outine ang methods (Schulman et al., 2017).
utline an
Overview

m PG particularly suitable for complex systems.

minJ(K)
subject to K € K (1)

where I = {Ki, Ko, - -+, Kn}.

m J(K) could be tracking error, safety assurance,
goal-reaching measure of performance e.t.c. required to be
satisfied.
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Continuous-time RL control applications

Continuous-
Time
Stochastic
Policy
Optimization

m A little randomness in a system's mathematical model
coefficients?
Outline and m Population growth model: dN/dt = a(t)N(t), N(0) = No;
Overview growth rate a(t) subject to random effects e.g.
a(t) = r(t)+ “noise”.
m We only know the distribution of “noise”.

Lekan Molu

m Filtering and state estimation problems where the nature
of the noise is unknown, but it is observed via sensor
measurements.

m Kalman + Bucy Filters — aerospace (Apollo, Mariner etc.).
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Outline and
Overview

Continuous-time RL control applications

m Semielliptic P.D.E.s with Dirichlet boundary value

problems e.g. slender flexible rods, Cosserat dynamics etc:
2

0
quz;’zla—gg’:%ﬂ, g=gqg_,ondQ, QCR"
i
m An economic portfolio problem where the price, p(t), of a
stock satisfies a stochastic differential equation e.g.
dp/dt = (a+ « - “noise” )p for a > 0, « € reline.

m Call options pricing: The Black-Scholes option price
formula.
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Policy Optimization — Open questions

Continuous-
Time
Stochastic
Policy
Optimization

m Gradient-based data-driven methods: prone to divergence

Lekan Molu from true System gradlentS

Outline and m Challenge I: Optimization occurs in non-convex objective
verview
landscapes.

m Get performance certificates as a mainstay for control
design: Coerciveness property (Hu et al., 2023).
m Challenge II: Taming PG's characteristic high-variance
gradient estimates (REINFORCE, NPG, Zeroth-order
approx.).

m Hello, (linear) robust (Hoo-synthesis) control!
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Policy Optimization — Open questions

Continuous-
Time
Stochastic
Policy .
Optimization m Challenge Ill: Under what circumstances do we have

Lekan Molu convergence to a desired equilibrium in RL settings?

e [ Cha_IIenge IV: Stochastic control, not deterministic control
settings.
m models involving round-off error computations in floating
point arithmetic calculations; the stock market; protein
kinetics.

m Challenge V: Continuous-time RL control.

m Very little theory. Lots of potential applications
encompassing rigid and soft robotics, aerospace or finance
engineering, protein kinetics.
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Outline and
Overview

H .-Control Under Model Mismatch

Ax(t)dt + Bu(t)dt + Ddw(t),
z(t) = Cx(t) + Eu(t), a > 0;

e Toop Hoo 1o

Givon a umer-defined step size 7 > 0
Sct the initial upper bound on y as v, >
Initialize a buffer for possible #o. norms for each K
to be found, 1
Initialize ords
1,2

im e RF() < o0li
L < P2 <

for p; € P do

Place p, on (2); & (Lits and Yang, 1006)
Is!

Find lower bound i, for H (v, I£7*); o using (22)
Touy(7) = get hinf norm(Tew, yis, KT*)

end for

func n get hinf norm( 7L, vs, KT')
while v, = oo do

o 1+ 207) i
Get A, (H(~. K17)) & c.f. (14)
if Ra(A) % 0 for A = {N; An} then

Set yup = 73 exit

else
Set buffer T — {}
for A; C {Imag(A),—1) du ok =1to K

Sct me = L(we | wi
Set Typ(k) = max{o F7‘~m(ﬂw)1}
end for
iy = max(Tu)
end if

Set yub = (6 + Yub)
end while
return .
end function
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Outline and
Overview

Tools: Complexity, Convergence, Robustness.

m Risk-sensitive Hoo-control (Glover, 1989) and discrete-
and continuous-time mixed Hy/H o design (Khargonekar
et al., 1988; Hu et al., 2023):

®m min. upper bound on H; cost subject to satisfying a set of
risk-sensitive (often M) constraints (Basar, 1990):

minkexJ(K) := Tr(PxDDT) (2)
subject to K := {K|p(A — BK) < 1, || Tow(K)|loo < 7}

m Py: solution to the generalized algebraic Riccati equation
(GARE);

m A, B, D, K: standard closed-loop system matrices;

B || T2 (K)||oo: Hoo-norm of the closed-loop transfer

function from a disturbance input w to output z.
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Tools: Complexity, Convergence, Robustness.

Continuous-
Time - .
Stochastic Infinite-horizon
Policy

Optimization m discrete-time deterministic LQR settings (Fazel et al.,
Lekan Molu 20]_8)

Outline and
Overview

[oe)
: Z T T
min E X, Qx;+u, Ru;) s.t. x = Ax; +Bu, xg ~ P,
Kek t,O( t t t t) t+1 t ty X0 0

m discrete-time LQ problems under multiplicative

noise (Gravell et al., 2021):

minzen B (5}, (31} 2reo(Xd @ + uf Rue)

subject to xe41 = (A+D7_ ) 06 A )X+ (B+2211 74 Bi)ur;
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Outline and
Overview

Literature
landscape

Fazel (2018)

Mohammadi
(TAC - 2020)

Zhang (2019)

Gravell (2021)
Zhang (2020)

Molu (2022)

Cui & Molu
(2023)

(Kalman ‘61, (Kalman ‘60)
Luenberger. ‘63)

No No Yes
Yes No Yes
Yes Yes (Gaussian) Yes
No Multiplicative Yes
No No Yes
Yes Yes (Brownian) Yes
Yes Yes (Brownian) Yes

(Non-exhaustive) Lit. Landscape on PO Theory

Cont. time Stochastic. LQR | Cont. Phase

Yes

No
Yes.

Yes

Finite/Infinite
Mixed H3/H_co | Horizon

Finite-horizon

Finite-Horizon

Inf-horizon

Inf-horizon

Rand-horizon
Inf-Horizon

Inf-Horizon
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Mainstay

Continuous-
Ti . . - .« . - - -

STt m Continuous-time infinite-dimensional linear systems.
Policy

Optimization m Disturbances enter additively as random stochastic Wiener

Lekan Molu processes.

Outline and m Many natural systems admit uncertain additive Brownian
Overview noise as diffusion processes.

m Theoretical analysis machinery: Ito’s stochastic calculus.

m Goal: keep controlled process, z, small i.e.

el = ( [ lzte)er) "

m Under a minimizing u(x(t)) € U in spite of unforeseen
w(t) e W C RI.
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Minimization Objective and Risk-Sensitive Control

Continuous-
Time
Stochastic
Policy

Cbtiizaiioy m Risk-sensitive linear exponential quadratic Gaussian
L= (T objective functional (Jacobson, 1973):

wer 7 [Z /Ooo ZT(t)Z(t)dt] ,

subject to dx(t) = Ax(t)dt + Bu(t)dt + Ddw(t),
z(t) = Cx(t) + Eu(t), a > 0; (3)

Lnelzg jexp(X07 u, W) =K

m where dw/dt = N(0, W), xo = N(0, 1), and
(x0, w(t)) C (Q,F,P).

Lekan Molu Continuous-Time Stochastic Policy Optimization



Minimization Objective and Risk-Sensitive Control

Continuous-
Time
Stochastic

Policy m A Taylor series expansion of (3) reveals:

Optimization

Lekan Molu jeXP(X07 u, W) =

lim E

T—o0

N
Mﬂ
N
_'
—
=
N—r
N
—
=

a T
[ T var [Z Z—r ] .
x0€Po t=0 t=0

2
m Consider the variance term %var {Z;O zT(t)z(t)} — €

B « a measure of risk-propensity if a > 0;
® « a measure of risk-aversion if a < 0;
m « = 0 implies solving a classic LQP.
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RL PO as a Risk-Sensitive Control Problem

Continuous-
Time
Stochastic
Policy
Optimization

e RL (via PG) computes high-variance gradient estimates
from Monte-Carlo trajectory roll-outs and bootstrapping.
m If we set a > 0 in the LEQG problem (3), we have a

controlled setting where we can study the theoretical
properties of RL-based PO.

m Framework: an ADP policy iteration (PI) in a continuous
PO setting.

LEQG also interprets as a risk-attenuation algorithm.
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Contributions

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu . . .
m A two-loop iterative alternating best-response procedure

for computing the optimal mixed-design policy;

m Rigorous convergence analyses follow for the model-based
loop updates;

Contributions

m In the absence of exact system models, we provide an
input-to-state-stable hybrid robust stabilization scheme.
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Problem Setup

Continuous-
Time
Stochastic
Policy
Optimization For o« > 0, the cost

Lekan Molu

Jexp(x0,u) =E exp [% [;° 2" (t)z(t)dt], becomes
x0€Po

E

with the associated closed loop transfer function,

Ton(K) = (C — EK) (sl — A+ BK)™!D.
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Nonconvexity and Coercivity in PG

Continuous-

RS m Coercivity: iterates remain feasible and strictly separated

S e from the infeasible set as the cost decreases.

Optimization

Lekan Molu

Assumptions

(a) Landscape of LOR (b) Landscape of Mixed H,/H,, Control

Figure: Coercivity property of PG on LQR and in mixed-design settings.
Credit: (Zhang et al., 2019).
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Assumptions

Continuous-
Time
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Policy
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Lekan Molu

mC'C=Q>0 ET(C, E)=(0, R) for some R > 0.
m Coercivity satisfaction: (A, B) is stabilizable;
m Optimization satisfaction: (1/@, A) is detectable.

Assumptions
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PO and Dynamic Games: Finite-horizon Gain

Continuous-

Time m Coercivity: feasibility set of optimization iterates
Stochastic
Policy

Optimization K={K: N(A-=BiK) <0, |Ta(K)|loo <7} (7)

Lekan Molu

m Finite-horizon optimization u*(t) = — K, X(t).
m KX =R 1BTP,, and P, is the unique, symmetric,

leqg
positive definite solution to the algebraic Riccati equation

(ARE)
ATP, + P,A—P(BR!B" —a™2DDT)P, = —-Q. (8)

(Cui and Molu, 2023, Proposition 1), (Duncan, 2013) .

m oo-horizon case: P* £ P, = lim,_ P, and
Kitae 2 Ky = lim; o K;[Theorem on limit of monotonic
operators (Kan, 1964)].
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Solving the LEQG Problem

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu m Directly solving the LEQG problem (3) in policy-gradient
frameworks incurs biased gradient estimates during
iterations;

m Affects risk-sensitivity preservation in infinite-horizon LTI
settings (see (Zhang et al., 2021; Zhang et al., 2019));

m Workaround: an equivalent dynamic game formulation to
the stochastic LQ PO problem.
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Two-Player Zero-Sum Game and LEQG

Continuous-

Time m An equivalent closed-loop two-player game

Stochastic

Policy connection (Cui and Molu, 2023, Lemma 1):

Optimization

Lekan Molu

min max J~(xo, u,
uel EeWw j’y( 0 6)

subject to dx(t) = Ax(t)dt + Bu(t)dt + Ddw(t),
z(t) = Cx(t) + Eu(t) (9)
T,0000.8) = B [ [xT(00X(0) + uT (1)Ru(e)] e

Baeret) | {W(r)s(r)] dt

= dw) ~ N(0,X), and v = a.
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Proof Sketch (Cui and Molu, 2023, Lemma 1)

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu m If a non-negative definite (n.n.d ) GARE (8)'s solution
exists, then a minimal realization P* must exist.
m Existence: the bounded real Lemma (Zhou et al., 1996).

m If (A, Q%) is observable, then every n.n.d solution of (8),
i.e. P*, is positive definite.
m For a n.n.d P*, we essentially have a Nash (equivalently a

Saddle) equilibrium with j7 = iv'
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Proof Sketch (Cui and Molu, 2023, Lemma 1)

Continuous-
Time
Stochastic

Opt‘i"ﬁ'ii:a”ﬁon mIf ‘77 is finite for some v =4 > 0, then jw is bounded (if
and only if the pair (A, B) is stabilizable).
m For a bounded j., for some v = 4 and for optimal
K* = R‘lBTPK’L, L = 7_2DTPK,,_ and all v > %4, J,
admits the closed-loop matrices

Lekan Molu

% = A— BK™, }’L: % + DL*. (10)
m Whence, the saddle-point optimal controllers are

u*(x(1)) = =K*x(t), & (x(1)) = L"x(¢).  (11)
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Model-based PO

Continuous-

Time m Define {p, q} Z1.q=1 Where (P, g) € N as nested

Stochastic

e iteration |nd|ces for a gain K, (in an outer loop) and an
timization . . . .
’ alternating gain Lg(Kp) (in an inner-loop).

Lekan Molu

Problem 1 (Model-Based Policy Iteration)

Given system matrices A, B, C, D, E, find the optimal controller
gains K, Lq(Kp) that robustly stabilizes (3) such that the
controller gains do not leave the set of all suboptimal

controllers denoted by
Model-based

PO

K = {(Kp, Lg(Kp)) - Ai(AR) < O>Ai(A?7L) <0,

[ Tzw(Km Lq(KP))”oo <7 for all (p, q) € N}. (12)

Lekan Molu Continuous-Time Stochastic Policy Optimization



Model-based Policy Optimization

Continuctss m Further, define the following closed-loop matrix identities

Time
Stochastic

Opt':rzliizcaytion AI;( = A - BKP’ Af(’:qL = APK + DLq(KP)7

Lekan Molu Q}p( = Q + l’(pTRl'(p7 A7< = APK + 772DDTPIP(‘ (13)

m Equation (13) informs the value iterations of the Riccati
equations for the outer and inner loops.

APT PP L PPAR 4 QP+~ 2PEDDT PR =0, (14a)
Kpt1=R'BTPL. (14b)

Model-based
PO

N
AL PR+ PRIART + QR — 2Ly (Kp)Lg(Ky) =0 (15a)
Kpt1 = RTB'PRY, Lgi1(Kp) =7 D' PRS. (15b)

Lekan Molu Continuous-Time Stochastic Policy Optimization



Continuous-
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Lekan Molu

Model-based
PO

Kleinman's Algorithm

m An iterative algorithm for solving infinite-time Riccati
equations (Kleinman, 1968).

m Based on a successive substitution method.

m For a deterministic LTI system’s cost matrix Py, the value
iterations of P"j are monotonically convergent to P}.
m Kleinman's algorithm as policy iteration

m Choose a stabilizing control gain Kp, and let p = 0.

m (Policy evaluation) Evaluate the performance of K, from
the GARE's solution.

m (Policy improvement) Improve the policy:
K, =—-R™'BTPE.

m Advance iteration p < p + 1.

Lekan Molu Continuous-Time Stochastic Policy Optimization



Model-based Policy Iteration

Continuous-

. Ti:'e- Algorithm 1: (Model-Based) PO via Policy Iteration
“Sf,n?y"c Input: Max. outer iteration p, ¢ = 0, and an ¢ > 0;

Optimization Input: Desired risk attenuation level v > 0;

Lelem Wiy Input: Minimizing player’s control matrix R > 0.
1 Compute (Ky, L) € K; > From [24, Alg. 1];
2 Set Pp¥ = Q%; > See equation (9);
sforp=0,....pdo

4 Compute Q% and A% > See equation (9);

5 Obtain P% by evaluating K, on (10);

6 while |PE — PE% ||p < e do

Model-based 7 Compute L, 1(K,) :=~2DT PE%;
°o 8 Solve (11) until ||PE — P29 ||r <€
9 g+—qg+1

10 end
1 Compute K. = R"'BTPR% > See (11b) ;
12 end '
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Convergence Analyses: Outer Loops

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu Lemma 1

Under our assumptions and for the ARE (14), if Ko € K, then
for any p € N, we must have the following conditions for the
optimal K* and P*,
(1) K, e K;

(2) P} = PL ~ PR == P
Model-based
Fo (3) limposool|Kp — K*[[F =0, limpo[| P — P*[|F = 0.
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Proof Sketch: The Bounded Real Lemma

Continuous- Under our standard stabilizability and observability

Time

g assumptions, for a stabilizing gain K, the following conditions
olicy

(EUCEEN  are equivalent
Lekan Molu ]

IT(K)lloo <

m The Riccati equation
ApPi + PcAx + CTC+ KTRK+

Y 2PDD " Py =0,

pgetbased admits a unique positive definite solution Px = 0 for a
Hurwitz matrix (Ax +~v2DD" Pk);
m There exists Pk = 0 such that
AKPk 4+ PkAk + Q@+ KTRK + 4 2PxDDT Pk < 0.

(17)

(16)
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Stabilizing Proof Sketch

Confinuous- m At an iteration 0, find a Kp that is stabilizing (Molu, 2023,

Time

S e Alg. 1), so that Ky € K by the bounded real Lemma.
imization 1
ci'“k Mt( . m For p > 0,set Qb =CTC+ KF,T+1RKP+1, the outer loop
D GARE is
a1y T W _& g
AEtY pr oy pp APt L4 =2PEDDTPE 4 CTC (A2)
+ K] REpq1 + (Kpi1 — Kp) " R(Kp1 — Kp) = 0.
Thus, for a stabilizing K, (# K,) we must have (/{1 —

Kp)TR(Kp41 — K,) = 0 so that

Model-based T

(p+1) (p+1) | . -2 T +1
PO AF PE+PEAR A~ 2 PEDD PR+ R < 0.
(A.3)

m For p > 1, K, € K. Rest: completion of squares, the
bounded real Lemma, and the theorem on the “limit of
monotonic operators.” (Kan, 1964).
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Convergence Analysis

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

m In (Zhang et al.,, 2019, Theorem A.7 and A.8), the authors
showed that this controller update in the outer-loop has a
global sub-linear and local quadratic convergence rates.

m We now show that the outer-loop iteration has a global

linear convergence rate.

Model-based
PO

Lekan Molu Continuous-Time Stochastic Policy Optimization
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Lekan Molu

Convergence Analysis: Outer Loop

Lemma 2
Let V = (Kpi1 — KP)TR(KP+1 —Kp); and W = vl >0,

Furthermore, let & € R"™" be Hurwitz so that
0 = [ el® DWe®)dt and define c(®) = log(5/4)|| || .
Then, ] = Le(®)[v].

Lekan Molu Continuous-Time Stochastic Policy Optimization



Convergence Analysis: Outer Loop

Continuous-
Time
Stochastic
Policy
Optimization

Remark 1

For Ax = A — BK, we know from the bounded real
Lemma (Zhang et al., 2019, Lemma A.1) that the Riccati
equation

Lekan Molu

AkPi + PAk + Qi +7 2PxkDDT Pk = 0 (18)

admits a unique positive definite solution Px > 0 with a
Hurwitz (Ax +~~2DD 7 Pk).

Lekan Molu Continuous-Time Stochastic Policy Optimization
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Optimality of the lteration

Continuous-
Time
Stochastic

Policy Lemma 3 (Optimality of the iteration)

Optimization

Lekan Molu Consider any K € K, let K' = R"1BT Py (where Pk is the
solution to (18), and Wi = (K — K')TR(K — K'). If Wk =0,
then K = K*.

Proof.

Since R = 0, Vi = 0 implies K = K’. Therefore at Wy = 0,
we must have K = K’ which implies that Px = Pj. If K = K’
and Pk = P}, it suffices to conclude that K" = K £ K* where
K* = R~1BT P*. Hence, Wi = 0 is tantamount to Px = P*

and K = K*. O
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Bound on Cost Difference Matrix

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

Lemma 4 (Bound on Cost Difference Matrix)

For any h > 0, define Kj, :== {K € K|Tr(Pg — P*) < h}. For
any K € Ky, let K' := R™1BT PR, where P}, is the p'th
iterate’s solution to (18), and Wy, = (K, — KI’,)TR(KP - K;).
Then, there exists b(h) > 0, such that

1Pk = P*llF < b(h)[ V|| F-

Lekan Molu Continuous-Time Stochastic Policy Optimization



Bound on Cost Difference Matrix

Continuous-

Stachastic m For A =A— BR71BTP* 4 42DDT P*, rewrite the
Optimisstion closed-loop Riccati equation as

Lekan Molu

ATPE + PRA* + Qk, + (K* — K,,)TRK,’,
+ KTR(K* — Ky) =7y 2P*DD" Pf, — 2P DD P*
+~72PEDDT P = 0. (19)

m Then do completion of squares so that

AT(PR — P*) + (PR — PHA* + Vg,
+72(PE — P*)DDT(PE — P*) (20)
— (K, — K")TR(K}, — K*) = 0.

Lekan Molu Continuous-Time Stochastic Policy Optimization



Continuous-
Time
Stochastic
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Optimization

Lekan Molu

m Implicit function theorem: P = f(K, € K), f(-) € C".
m There exists a ball Bs(K*) := {K € K|||K — K*||r < ¢},

such that A(K) is invertible for any K € K N Bs(K*).

m A(K,) = ,@A* T +(A—BRIBTPL+~=2DD T PR) T @1,
Therefore, for any K € Kp N Bs(K*),

m [[PRIlF < o (AK))IIVk, lIF-
Similarly, for any K € Ky N B§(K*), where B¢ is a
complement of B, Wy, # 0 and there exists a constant
b1 > 0 such that ||[W,| > b;.
Set by = maxKeKmBé(K*)gfl(.A(K)) and
b(h) = max{bo, %I(P*)}, then the proof follows
immediately.
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Continuous-
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Lekan Molu

Outer Loop Convergence: Exponential Stability of
Py

For any h > 0 and Ky € Ky, there exists a(h) € R such that

Tr(PE™ — P*) < a(h) Tr(PE — P*). That is, P* is an
exponentially stable equilibrium.
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Convergence Analysis: Inner Loop

Continuous-
Time
Stochastic

Policy m Now, we analyze the monotonic convergence rate of the
Optimization .
inner loop.

m Given arbitrary gains K, € K and Lq4(Kp) € £, and
Pﬁ’c,’_ > 0 solution of the inner-loop Lyapunov equation,

Lekan Molu

the cost matrix P9 monotonically converges to the
solution of (15).

]
ALD P 4 PEIARG 4 QR — 42 L] (Kp)Lq(K,) = 0

Kot = RBTPRY, Lyra(Ky) =1 2D7 PR,
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Convergence Analysis: Inner Loop |

Continuous-

Time
Stochastic Le mma 5

e Suppose that Lo(Ko) is stabilizing, then for any q € N (with

PRI P)q as the solution to (15)), i.e.

AL P 4 PRI ARG 1 QE — 1?LT (Ky)Lq(Kp) = 0 (22a)

Kot1 = RBPRY, Lyna(Kp) =v 2D PRS. (22b)
Then, the following statements hold

Afgf’L is Hurwitz;

PRE == PRI = PRI - PRY and

imq-socIPES ~ PRI = 0.
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Convergence Rate — Inner Loop

Continuous-
Time
Stochastic

Policy Lemma 6 (Monotonic Convergence of the Inner-Loop)

Optimization
. For any K € IC, let L(K) be the control gain for the player w
such that Ax + DL(K) is Hurwitz. Let Pk be the solution of

(Ak + DL(K))" Pk + Pk (Ak + DL(K)) + Qk
—y2L(K)"L(K) = 0. (23)
Let L'(K)=~72D"Pk and
\Uf( = 7—2(L’(K) — L(K))T(L’(K) — L(K)). Then, for a
c(K) = Tr (5 elAc+DLK e ActDLUK N tat ), the following

inequality holds Tr(Px — PL) < [|[Wk||c(K).
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Convergence of the Inner Loop Iteration

Continuous-

Stochastic Theorem 3

Policy

M For 2 K € K, and for any (p,q) € Ny, there exists 5(K) € R
Lekan Molu SuCh that

Tr(PE — PRTH) < B(K)Tr(PE — PEY). (24)

Remark 2

As seen from Lemma 5, Pp Pﬁi > 0. By the norm on a
matrix trace (Cui and I\/Io/u 2023, Lemma 13) and the result
of Theorem 3, we have

1Pk — PRAIIF < Tr(Pk — PRY) < B(K)Tr(Px), i.e. PRY
exponentially converges to Pk in the Frobenius norm.

Stabilization and
Convergence

Lekan Molu Continuous-Time Stochastic Policy Optimization



Algorithm as a Policy Iteration Scheme

Continuous-
Time
Stochastic

Polic: . g .
Optimization m Choosing a stabilizing K, we first evaluate u's

L ekon Mot performance by solving (14).
m This is the policy evaluation step in PI.

m The policy is then improved in a following iteration by
solving for the cost matrix in (15b);

m This is the policy improvement step.
m Essentially, a policy iteration algorithm whereupon
m Performance of an initial control gain K, is first evaluated
against a cost function.

S m A newer evaluation of the cost matrix Pﬁ"z is then used to
Convergence . . . ’
' improve the controller gain K1 in the outer loop.
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Sampling-based PO Scheme

Continuous-
Time
Stochastic

Policy m A, B, C,D, E are often unavailable so that the policy
evaluation step will result in biased estimates.

Optimization

Lekan Molu

Sampling-
based PO

m There is the possibility for a divergence from the
stability-robustness feasibility set K:

When errors are present from /O or state data;
Residuals from early termination of numerically solving
Riccati equations;

Using an approximate cost function owing to inexact
values of Q and R;

Since the inner loop is computed in a finite number of
steps;

In a data sampling scheme, we must guarantee the
stability and robustness of the closed-loop system.
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Sampling-based PO: Statement of the Problem

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

Problem 4 (Sampling-based Policy Optimization)

IfA,B,C,D, E,P are all replaced by approximate matrices
A, B, C,D, E, P, under what conditions will the sequences

ﬁﬁi}gzggz? {Rp}ff:o, {Zq}fﬁ:o converge to a small

neighborhood of the optimal values {Pj }
and {L3}5207

(p,g)=c0 { * 00
(p.a)=0 * 1pJp=0-

Sampling-
based PO
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Discrete-Time Nonlinear System Interpretation

Continuous-
Time
Stochastic
Policy ) )
Optimization m From assumptions, a P} € S" exists such that when

Lekan Molu applied to find a Ky such a Kg will be stabilizing.

m Approximation errors between the nested iteration steps
yield a hybrid of a continuous-time policy gain pair
(Kp, Lg(Kp)) and a learning scheme.
m This learning scheme is essentially a discrete sampled data

from a nonlinear system (owing to errors from various
sources).

m Task: under inexact loop updates, lump iterates of gain
errors into system inputs to the online PO scheme;

Lekan Molu Continuous-Time Stochastic Policy Optimization



Transition Slide

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

This page is left blank intentionally.

Discrete-time
system

Lekan Molu Continuous-Time Stochastic Policy Optimization



Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

Discrete-Time Nonlinear System Interpretation

m How do we converge to the optimal solution and preserve
closed-loop dynamic stability?

m What does input-to-state stability (ISS) Sontag (2008)
have to do with it?

Lekan Molu Continuous-Time Stochastic Policy Optimization



Online Model-free Reparameterization

Continuous-
Time
Stoch'astic
. m Suppose that P% € S is chosen following the
e controllability and stabilizability assumptions.
m Then Rk RleT/s,O( will be stabilizing since
Ki=K—KL20.

m Ditto argument for L.

Problem 5

For (p,q) > 0, show that for KP = KP — K £ 0 so that the
sequence {PZ"Z}?E q)=0 Converges to the locally exponentially

stable Py .
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Hybrid System Reparameterization

Continuous-
Time
Stochastic

LI m Lump estimate errors as an input into the gain terms to be

e (Y computed in the PO algorithm.

m With inexact outer loop update, K, 1 becomes biased so
that the inexact outer-loop GARE value iteration involves
the recursions

APTPP 4 PPAR + QP +~472PEDDT PR =0, (25a)
Rerl = R_ls—r'ﬁﬁ + Rerl 2 Rerl + kaa (25b)

m NB: AY = A— BK, and Q) = Q + K, RK,.
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Discrete-Time System Closed-loop System

Continuous-

i m Same argument for the inner-loop inexact GARE value

Stochastic H H .
i iteration updates:

Optimization

Lekan Mol ARGTPRY + PRIARG + Qf — 4?1 [4(K,) =0 (26a)
Koi1 = R7IBTPRI + K, (26b)

Lqi1(Kp) =7 2DT PR + Lgsa(Ky) (26c)

£ Lq+1(Rp) + Zq+1(kp)- (26d)

m Rewrite the infinite-dimensional stochastic differential
equation as the discrete-time system (for iterates

(p,q) > 0):
dx = [AR% x + B(Kpx — DL4(Kp) + u)ldt + Ddw. (27)
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System Trajectories from HJB Interpretation

Continuous-
Time
Stochastic

Policy m On a time interval [s,s + ds], it follows from Itd's
Optimization . . .
° stochastic calculus and the Hamilton-Jacobi-Bellman
equation that

Lekan Molu

d [XT(S + 65)PEIx(s + 65) - XT(S)FA);?’C[X(S)} -
(dx) " PRIx + x " PRGdx + (dx) " PR (dx). (28)

m Along the trajectories of equation (27) and using the gains
in (15), i.e.

Kpt1 = RTBTPRY, Lgi1(Kp) =7 DT PRS.
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System Trajectories

Continuous-
Time
Stochastic
Policy

Obtimizati H
ptimization ] The rhs n (28) beCOmeS
Lekan Molu

T ARSTPRY + PRIARS | xdt +2x PRIDdw  (29)
+2x" PRI B(Kpx — DLg(Kp) + u)dt + Tr(D" PD),

— _xT QZxd t—~y2x" 15;;’1 DD" Isﬁ’ixdt + Tr(D" FA’Q’;’_
D) +2x" PR1B [Kpx — DLy(Ky) + u] dt +2x™ PR{ Ddw
(30)
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System Trajectories via HJB Expansions

Continuous-
Time
Stochastic
Policy
Optimization ] So that

Lekan Molu

xT (s +65)PR (s + ds) — x" (s) P29 x(s)
5+0s 7 R 7

= / [(—x—r Qb x — v*ww)dt + 2’)/2XTLq+1( Kp)dw
ss—l—és

+/ 2x KT ,R [K — DIy(R,) + u] dt

s+9s R
+ / Tr(DT PR D)dt. (31)
S
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Input To State System Interpretation

Continuous-
Time
Stochastic
Policy

Optimization m System matrices AY%, B, C, D now embedded within
Lekan Molu

input and state terms: Qﬁ, Ko+1, and Lgi1;
m Retrievable via online measurements.

m We essentially end up with an input-to-state system!

m The price that we pay is that the noise feedthrough matrix
D must be known precisely.

m No marvel: in many linear stochastic system with
Brownian motion, D is identity (Duncan et al., 2011;
Duncan and Pasik-Duncan, 2010).
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Sampling-based Scheme

Continuous-
Time
Stochastic
Policy
Optimization

ekan Molu m Explore system model until we achieve exact equality in

APA — AP PPG —
AR = ARG PR, Koyt = Kpsa, and

Lq+1(Kp) = La+1(Kp).

m Choose u = —Kox + 1, and w = —Lox + 1 where (1, 14)
is drawn uniformly at random over matrices with a
Frobenium norm r similar to (Gravell et al., 2021; Fazel

et al., 2018).

Sampling-based
nonlinear system
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Sampled System Parameterization

Continuous-
Time

Stochastic . . .
Policy m Consider the identities

Optimization

ek ol xTQPx = (xT ®x")vec(QP),

Vwlw=~+2(w" @w') vec(l,),

292 L] 1 (Rp)dw = 292(1 @ X7 )dw vec(L],1(Ry)).
2 TR RKox = 2(x" @ xT)(Ih @ K, ) vec(K,), +1R)
2x" Ky 1RDL4(Kp) = 2(Lg (Kp)D' @ x ") vec(K 1 R),
2x K], o1 Ru = 2(u’ @ x")vec(K, +1R)

Tr(DT PféiD) = vec' (D) vec(PZ’iD). (32)

Lekan Molu Continuous-Time Stochastic Policy Optimization



Sampled System Parameterization |

Continuous-
Time
Stochastic
Policy

rolcy n(n+1) v(v+1) 2
Optimization n Let AXX c RTI' AWW c RT/' IXX c R/Xn , and
Lekan Molu IUX G RIX mn for I 6 N+

m It follows that

A = [vecv(xq),. .. ,vecv(X/)]T y XI = Xj+1 — X/,

Ay = [vecv(wy), ... ,VeCV(W/)]T y W= wipp — wy,

S1 S/ T
L = / x®xdt,...,/ x@xdt|
S0 S/—1
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Sampled System Parameterization

Continuous-
Time
Stochastic

Policy T
Optimization S1 S|
Lekan Mol law = / (In®X)dW,...,/ (In®x)dw ,
ekan olu so SI_l
T
S1 s/
luix = / u®xdt,...,/ u® xdt (33)
S0 Si—1

Next, set

)

or — [AXX, (@ K] ) +2(L (Kp)DT @ x7)
21, =27 b, —VecT(D)vec(lSZ’C,’_D)} , (34a)

T’;(’qL = [—/xxVec(Qﬁ), —72IWerc(lv)} . (34b)

)
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Sampled System Parameterization

Continuous-
Time
Stochastic
Policy
Optimization

N N T
Lekan Molu @%?L SVGC(PZ’i) VeC(KT+1 R) VeC(Lq_,’_l(Kp)) 1q2:|

= TR (35)

)

Define 1,2 as a one-vector with dimension g°. Thus,

Suppose that ©F¢ is of full rank, then we can retrieve the
unknown matrices via least squares estimation /.e.

svec(PR9

veAc(RIL_Al R)
vec(L;_l(Kp))dW

1,

= (o5 exg)teR T TR (36)

Sampling-based
nonlinear system
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Sampling-based Algorithm

Continuous-
Time
Stochastic
Policy
Optimization

2
g =
g g
g £
H 4
H 3
2
2
S 2
£ s
s £
8 [
& =
& 2
2
&

Sampling-based
nonlinear system
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Robustness Analyses

m Define P = PK — PK
and K = K — K.

m Keep |K| < e, start with

a K € K: iterates stay in
K.

Lemma 7 (Lemma 10, C&M,
'23)

For any K € K, there exists
an e(K) > 0 such that for a
perturbation K, K+ K € K,
as long as ||K|| < e(K).

Lekan Molu

The inexact outer loop is
small-disturbance ISS. That

is, for any h > 0 and

Ko € Ky, if |K|| < f(h),
there exist a KCL-function
B1(+,-) and a Ko-function
v1(+) such that

P _
1Pg

Bi(IPg — P*Il, p) +mIKI).
(37)

[
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ISS Outer Loop Robustness Proof

m Prelim result (Lemma 12, C&M, '23): For any h > 0 and
K e Kp, let K = R_1~BTPK, where Py is the solution of
(18), and K" = K’ + K. Then, there exists f(h) > 0, such
that K’ € Ky, as long as ||K|| < f(h).

m Therefore, R,'; € Kp forany p e N,

m Let

s log(5/4)b(h) _ - /°° ATt Ast
AKY= =222 22 7 (K = To d rdt | .
)= Zonae PO =T ) e
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ISS Outer Loop Robustness Proof

Continuous-
Time
Stochastic
Opt?rzliizcaytion ﬁl(h) - Rlnfc fl(K/) > 07 f_.Z(h) = Asup fQ(K/) < 0.

ey K'eKy

Lekan Molu

(38)
m This implies
Tr(P? — P*) < [1— £1(W]Tr(PE ! — P)+
R(MRIIKEI. (39)
m Repeating (39) for p,p—1,---,1,
RIRIIKIIE

TrPR = Pl < (1= £)°Tr(Pg = PY) + = 1
B (40)
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Outer Loop Robustness

Continuous-
Time
Stochastic
Policy
Optimization

VST |t follows from (40) and (Mori, 1988, Theorem 2) that

AIIRIIRI.

1P — P*llF < (1= f1)PVnl|Ps — P*[lF + 2

(41)

As p — o0, PE — P*. Whence, a radius of P*'s neighbor is

proportional to ||K||2..
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Inner Loop Robustness

Continuous-
Time
Stochastic
Policy
Optimization

B The perturbed inner-loop iteration (26) has inexact matrix

A’;:’L, and sequences {[q—‘,-l(Kp)}gO:O, and {,3?1}20:0_

Lemma 8 (Stability of the Inner-Loop’s System Matrix)

Given K € K, there exists a g € Ry, such that if
ILg+1(Kp)llF < g, AR, is Hurwitz for all g € N
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Inner Loop Robustness

Continuous-
Time

Stochastic Theorem 7
Policy

Optimization Assume ”Lq(K )|| < e for all g € Ny. There exists
Lekan Molu /B(K) & [0 1) and A( ) e ]COOI SUCh that

|F < BITHK)TH(PRD) + MILlloo)-  (42)

m From Theorem 7, as g — oo, P approaches the solution
Py and enters the ball centered at P,Q 7 with radius

proportional to ||L|s.

m The proposed inner-loop iterative algorithm well
approximates PR9
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Numerical Results — Car Cruise Control System

Continuous-
Time
Stochastic

Policy m (Astrém and Murray, 2021, §3.1):

Optimization

Lekan Molu dV 1
m— = aput(ayv) — mgCrsgn(u) — EpCdAMv — mgsiné

dt
(43)

m u(x(t)) = [u1(t), u2(t)] must maintain a constant velocity
v (the state), whilst automatically adjusting the car's
throttle, u1(t),t € [0, T]

m despite disturbances characterized by road slope changes
(us = 0),

m rolling friction (F,), and

m aerodynamic drag forces (Fy).
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Numerical Results — Car Cruise Control System

Continuous-
Time
Stochastic

Polic . .
Optimiration m Well-suited to our robust control formulation because

Lekan Molu m the disturbances and state variables are separable and can
be lumped into the form of the stochastic differential
equations;

m it is a multiple-input (throttle, gear, vehicle speed)
single-output (vehicle acceleration) system that introduces
modeling challenges;

m the entire operating range of the system is nonlinear
though there is a reasonable linear bandwidth that

characterize the input/output (I/O) system as we will see

shortly.
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Road (Disturbance) Profile

Continuous-
Time
Stochastic
Policy
Optimization Road curvature Identification Signal: 6

Lekan Molu 100

Road curvature (deg)

-100

o 2 a0 0 E 100 120 140
Time (X 100 secs)
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Search for initial stabilizing gain and H.,-norm
bound.

Continuous-
T Propositio

Stochastic

. (Bruinsma and Steinbuch, 1990) For all w, € R, we have that
Jwp is an eigenvalue of the Hamiltonian H(~1) if and only if v,
is a singular value of T, (jwp).

Lekan Molu

Algorithm 1 Search for the closed-loop H.,-norm
Given a defined step size 7 > 0

2: Set the initial upper bound on 7 as 7, = oo.
Initialize a buffer for possible Ho norms for each K
to be found, T,y = {}.

Initialize ordered poles P = {p; € Re(s) < 0]i =

Computed H., norms vs. Placed Poles

1,2,} P <pp< -
5: for p; € P do
6 Place p; on (2); & (Tits and Yang, 1996) -y
7 Compute stabilizing K7*
8  Find lower bound vy for H(y, K¥); > using (22)
9 Thuy(i) = get-hinf norm(T.w, o, KV').
& et ( " 5000
11: function get_hinf_norm(T.,. v, K7') E
12 while 7,, = cc do ]
13: v = (14 20) ; z
14 Get \; (H (y I\") > c.f. (14) 8
15 if Re(A) # 0 fo {1, Au} then ]
16: Set ¥, 2000
17 else
18: Set buffer Ty, = {}
19 for A € {Imag(A),—1}do  >k=1to K 700
20: Set my = z(W* + Wki1)
21 Set I'yy(k) = max{o [T, (i)} -100 75 50 25 0

end for
~y, = max(Tiy System Poles
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Cost Matrix and Gains Convergence

Continuous-
Time
Stochastic

Ay Cost matrix estimation error
Optimization

Lekan Molu ”Pg_P’”F
1P~ I

S
@ 140 |
2 :
&100
e |

50

-0.2 10.0 20.

lterations
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Pendulums Experiment — Comparison to NPG

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu

Cost Matrix Error

Gain Matrix Error Ho Norm

1 - - = 5
= |1Ki — K*[|r/[|K*||F - [|Px, — P|lr/lIP*]lr T ()l
5 5 g
E g 5
Hos = 0.5 7, 4.8
5 10 15 20 5 10 15 20 5 10 15 20
Iterations Iterations Iterations

Model-free design: ||K||oo = 0.15.
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Pendulums Experiment — Comparison to NPG

Continuous-
Time
Stochastic
Policy
Optimization

Lekan Molu Gain Matrix Error Cost Matrix Error Ho Norm

= 5
. A = K/ 0.5~ 1Pk, — P*|lr/IIP*||r g
£o0s 2 g Tl
<5 <5} Z 4.8
0 0
5 10 15 20 5 10 15 20 5 10 15 20
Iterations Iterations Iterations

Model-based design: ||K||s = 0.15.
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Double Pendulum and Acrobot Experiment —
Comparison to NPG

Continuous-
Time
Stochastic
Policy
Optimization

ez W Table: Computational Time: Model-based PO vs. Model-free PO vs.
NPG.

Policy Optimization Computational time (secs)
Double Inverted Pendulum Triple Inverted Pendulum
Model- | Model- | NPG Model- Model- | NPG
based free based free
0.0901 | 0.3061 | 2.1649 0.1455 0.7829 | 2.3209
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