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Accurate patient immobilization in conformal radiation therapy is crucial for efficient cancer
treatment. Good treatment outcomes require accurate patient immobilization and a good choice
of beam orientations. State-of-the-art immobilization systems rely on metallic or rigid masks
which lack morphological properties, attenuate ionizing radiation, degrade dose efficacy, and are
uncomfortable for the patient during treatment. The de-facto open-loop and deferred positioning
procedures sometimes cause eczema or brain damage. We synthesize system identification, finite
elastic deformation, and control systems to harness soft robot mechanisms for real-time motion

correction in cancer radiation therapy scenarios.

Additionally, in most inverse treatment planning schemes today, the “right” beam angles among
the myriad possibilities in beam space are usually determined through intuition and experience
by treatment planners in a time-consuming trial-and-error procedure. Existing mathematical
optimization techniques fail to meet a (near) real-time planning requirement. We propose a
supervised pre-training of a deep neural network to assure quality beam plans are predicted in a
real-time feasible manner. Our approach has the advantage of predicting feasible beam angles
in near real time, and it is adaptable to treatment modalities that require large beam plans, and

4m-noncoplanar radiation therapy such as VMAT.



TABLE OF CONTENTS

ACKNOWLEDGMENTSI. . . . . . . e e e e e e e v
v

X

xi

CHAPTER 1 INTRODUCTION 1
(1. Treatment Planning and Radiation Therapy| . . . . . . .. .. ... ... ... .. 3
(1.2 Treatment Planning Parameters| . . . . . . . . .. ... ... ... .. ... .. 3
(1.3 Robotic Radiotherapy and Patient Positioning Mechanisms| . . . . . . . . . . . .. 7
(1.3.1  Anatomical Motion Axes of the HumanBody| . . . . . .. ... ... ... 9

[1.3.2  Frameless and Maskless Radiation Therapy| . . . . . . ... ... ... .. 10

(I.3.3  Soft Elastomeric Actuators: An Overview| . . . . . . ... ... ... ... 16

(1.3.4  Designof Soft Robots| . . . . . ... ... ... ... . . 17

[1.3.5  Soft Actuators: Modeling and Control Approaches| . . . . . . .. .. ... 18

(1.4 Beam Orientation Optimization|. . . . . . . . . . .. . . ... ... .. 19

[2.1.3  The deformation gradient|. . . . . . .. .. ... .. ... ......... 30
2.2 Deformationof a Single IAB| . . . . . ... ... ... .. o 0. 31
2.2.1 Invariants of Deformation| . . . . . ... ... ... ... ... L. 31
[2.2.2  Analysis of Strain Deformations| . . . . . ... ... ... ... ... 32
[2.2.3  Stress Laws and Constitutive Equations| . . . . . . .. ... ... .. ... 35
[2.3  Contact-Free IAB Boundary Value Problem| . . . . . .. ... ... ... ... .. 37

[2.3.1  Example: Radially symmetric deformation under gravity and applied inter- |
| nal pressure| . . . . . . ... L 39

Vi



CHAPTER 3 KINEMATICS AND DYNAMICS OF A MULTI-DOF SOFT ROBOT| . . . 44

[3.1 A Soft Actuator Assembly for Patient Immobilization| . . . . . . .. ... ... .. 44
[3.2  Analysis of Contact Kinematics| . . . . ... . ... ... .. ... .. ...... 46
[3.2.1 Contact-Based Boundary Value Problem for [AB| . . . . . ... ... ... 48
[3.2.2  Contact Forces, IAB Stress Components, and Head Gravitational Force| . . 49
[3.2.3  Contact Coordinates and Head Velocity| . . . . . .. ... ... ... ... 51
[3.2.4  Contact Kinematics Examples| . . . . . ... ... ... .......... 55
[3.2.5 Casel: Rollingcontact| . . . . . ... ... ... ... ........... 56
[3.2.6  Case Il: Shding contact]. . . . . . . ... ... ... .. ... ....... 56
[3.2.7  Case III: Rolling without slipping| . . . .. ... ... ... ........ 56
B3.2.8 CaseIV:Rotation aboutnormall . . .. ... ... ... ... ....... 56
3.29 General Notes|. . . . . . ... . .. 57
3.3  Multi-IAB Forward Kinematicsl. . . . . . . . . . .. ... ..o L. 57
[3.3.1 Case I: Planar and Roll Manipulation| . . . . ... .. ... ... .. ... 60
[3.3.2  Case II: Planar Manipulation: Null Map for Zero Net Force] . . . . . . .. 62
[3.3.3  Case IlI: Head Motion along xy planeand 2|. . . . . . ... ... ... .. 64
3.4 Multi-IAB Dynamics| . . . . .. .. ... ... 65
[3.4.1 Lagrange’s Equations|. . . . . . ... .. ... ... ... . 0. 66
[3.5 Newton-Euler Equations for IAB and Head System| . . . . . ... ... ... ... 68

vii



4.3.4  Adaptive Neuro-Control Formulation| . . . . .. ... .. ... ... ... 87
4.3.5 Network Design| . . . ... .. ... .. oo 92

94

CHAPTER S AUTOMATING BEAM ORIENTATION OPTIMIZATION 97
1 Meth nd Materialsl . . . . ... .. 98
1.1 1ons and Definitionsl . . . . . . ... Lo Lo oo 99

[5.1.2  Data Preprocessing| . . . . . . . .. . ... ... 101
5.1.3  Neural Network Architecturel. . . . . . . ... .. ... ... .. ..... 102
[5.1.4  Fluence Map Optimization| . . . . . .. .. ... .. ... ......... 104

2 me Tree Simulation| . . . . . . . . .. ... 105
[5.2.1 Sparse Lookout Tree Stmulation| . . . . . . .. ... ... ... ... ... 108

[5.3  Approximate Dynamic Programming|. . . . . . . .. .. ... o000 111
[5.3.1 Selt-Play Neuro-Dynamic Programming|. . . . . . . ... ... ... ... 112

CHAPTER 6 CONCLUSIONS AND FUTURE WORK]
APPENDIX A DERIVATION OF IAB-HEAD CONTACT KINEMATICS

[A.1 Contact Coordinates and GaussianMap| . . . . . ... .. .. ... ... ..... 118
A.2 Relati n rientation and Torsion Metric Tensors| . . . . . . . .. .. ... 120
APPENDIX B [AB DYNAMICS
APPENDIX C CONTACT-BASED BOUNDARY VALUE PROBLEM|

CURRICULUM VITAE

viii



LIST OF FIGURES

(1.1 A multi-leaf collimator (MLC) used in IMRT and 3DCRT. ©Varian Medical Systems.|. 2

(1.2 Schematic of the various components that constitute an ICRU volume.| . . . . . . . .. 5

(1.3 [Left - Right]: Conventional radiotherapy, conformal radiotherapy (CFRT) without |
| intensity modulation, and 3D-CRT with intensity modulation. Reprinted from (Webb), |

.4 Masks and frames used for head immobilization in IMRT} . . . . ... ... .. .. 8
[I.5 ST anatomical axis Jocation. Reprinted from Wikipedia] . . . . . ... ... ... ... 9
[[.6 LR anatomical axis. Reprinted from Wikipedia] . . . . . ... .. ... ... ..... 10
[I.7 The Cyberknife radiation delivery and 6-DOF robotic couch systems. ©Accuray Inc.]] . 14
(L8 Noninvasive RT.©ONovalis] . . . . . .. ... ... . .. . . ... 15
[2.1  Deformation in spherical polar coordinates.| . . . . . ... .. .. ... ... ... .. 32
[2.2 Radu change under deformation.| . . . . . . . ... oL L Lo 33
[2.3  Body stress distribution on continuum’s differential surface, S . . . . .. ... ... 35
2.4 TAB Deformation (Extension)| . . . . ... .. ... .. ... ... ... ....... 40
2.5 ITAB Deformation (Extension)| . . . . . . . . . . . . . . . ... ... ... 41
[2.6 IAB Deformation (Compression)| . . . . . . . . . . . . .. .o e 42
2.7 TAB Deformation (Compression)| . . . . . . . . . . . . . . o v i v v i 43
[3.1  Soft Robots around Patient’s Head and Neck Region on a Planar Table| . . . . . . . .. 45
(3.2 Illustration of the IAB Soft Contact Type|. . . . . . ... .. ... .. ... ...... 47
(3.3 Sliding and rolling contact illustration of a single IAB and the Head| . . . . . . .. .. 52
(3.4  Planar head manipulation with net forceonthehead.| . . . . . . ... ... ... ... 61
(3.5 Planar head manipulation with no net force onthe head.|. . . . . . .. ... ... ... 63

(3.6 Head manipulation with all eight bladders. Head depicted with the silver-colored solid.| 65

4.1  One-DOF Experimental Testbed| . . . . . ... ... ... .. ... ... ....... 72
4.2 Noise Floor of Kinect Xbox Sensor vs. Kinect vl Senson . . . . ... .. ... ... .. 73
4.3 KF results for the Xbox observationl . . . ... ... ... ... ... ... ... .. 76
4.4 Kalman Filter on Kinect vI's Observationl . . . . . . . ... ... ... ... ..... 76

-to- " Local Track Estimates] . . .. ... ... ..... 77

ix


https://en.wikipedia.org/wiki/Anatomical_terms_of_location
https://en.wikipedia.org/wiki/Anatomical_terms_of_location
https://www.cyberknife.com

4.6  Full Linear Quadratic Gaussian Plant Estimator{ . . . . . . . ... ... ... ..... 80

4.7 LQG Controller Position Compensation Results.|. . . . ... ... ... ... ..... 81
4.8 Hardware Setup and Head Coordinate System| . . . . . . . ... ... ... ... ... 82
4.9 Point Cloud Segmentation| . . . . . . .. .. ... L L 85
410 Neural Networkmodel . . . .. .. ... .. ... . . 93
.11 Head motion correction along z, pitch and roll axes.| . . . . . . .. .. ... ... ... 96
[5. IMRT TPS setup. Reprinted from Radiologyinfo] . . . . ... ... ... ... .... 98
[5.2 Example 2D gantry angle representations| . . . . .. ... ... ... L. 101
5.3 Network’smputplanes.|. . . . . . ... ... o 102

[3.4 Each beam angle 1n a beam block 1s represented as shown. Together with the target
| volume, these form an mput plane of size 36 X N x W X H to the policy/value neural



radiologyinfo.org

LIST OF TABLES

xi



CHAPTER 1

INTRODUCTION

Cancer is a set of related diseases that continually splits some of the body’s cells and invades
surrounding healthy tissues in a process that mitigates the healthy growth and division of new
cells. Cells in a healthy body grow and divide as the body needs them. In a healthy body, as cells
become old, they die off and new cells are formed. When cancer is present in the body, however,
old cells stick around, becoming damaged over time, and newer cells are unnecessarily produced.
As the tumors spread, mitosis occurs, and the new cells travel to other parts of the body via the
blood or lymphatic nodes and form new tumors — replicating themselves in a distributed fashion.
Distributed cancer is very difficult to treat with traditional methods such as chemotherapy or surgery:
chemotherapy destroys benign cells along with malignant cells, and surgery is too painstaking for
the various locations where the tumor might have formed in the patient’s body.

Means of treating cancers include drugs, immunotherapy, targeted therapy, stem cell transplant,
precision therapy, radiation therapy, chemotherapy, and surgery. In this dissertation, our focus is
on the use of radiation therapy (RT) in cancer treatment. RT is an active area of research with
great potential for improving therapy and reducing the toxicity of radiation. It encompasses the
use of ionizing radiation as electron beams, photon beams or x-rays, conformed to a high-energy
dose-volume and shaped into the geometry of a tumor so as to render malignant DNAs necrotic
while sparing healthy cells. The radiation is produced by a moving linear accelerator machine
(LINAC), while precision-targeting and cross-firing of radiation beams from multiple directions
creates an ablative surgical procedure by which radiation beam destroys tumors.

A computer-controlled multi-leaf collimator (MLC), shown in |Figure 1.1} constructed from
tungsten due to its high absorption properties for radiation, focuses and shapes the geometry of
the radiation beam in order to accurately target tumors. During the treatment planning procedure,
a planner may have to delineate the organs-at-risks (OARs) and three dimensional (3D) target

volumes; the 3D volumes are concatenations of 2D slices of the patients’ CT image. This is so that



Figure 1.1: A multi-leaf collimator (MLC) used in IMRT and 3DCRT. ©Varian Medical Systems.
a physician can unambiguously define treatment objectives. Before treatment, a patient needs to
be properly calibrated — to sub-millimeter translational and sub-degree geometrical accuracy — on
a treatment couch (see [Figure 1.7). Studies have shown that the rotational angle misalignment
between a patient’s pose and a registered dose that conforms to the tumor of interest often affects

dose delivery efficacy, which in turn reduces the quality of a treatment (Takakura et al., 2009} Xing|
2000a).

IMRT is a cancer treatment method that delivers geometrically-shaped, high-precision x-rays or

electron beams to tumors by modulating the intensity of the radiation beam. A multileaf collimator
shapes a conventional geometrical field, and the intensity of the geometric field shape is varied
bixel-wise in order to modulate the “fluence” (influence matrix) profile around a tumor. This is
done while the patient lies in a supine position on a treatment table. Before an IMRT treatment is

scheduled, critical structures (or tumors) within a target volume, and OARs are contoured. Doses



that must be delivered are then prescribed . Each beam to be delivered consists of beamlets, aimed
from the same angle, where each beamlet may be of a different intensity from that of its neighbors.
Radiation intensities may be delivered from about 5 — 15 different beam orientations with multiple
collimator units. The process of choosing what beam angle is best for delivering beamlet intensities
is termed beam orientation optimization (BOO) while the process of determining what intensity

meets a prescribed fluence profile by a doctor is termed fluence map optimization (FMO).

1.1 Treatment Planning and Radiation Therapy

The treatment planning process in radiation therapy involves the careful and deliberate employment
of available tools and treatment procedures needed to realize a desirable cancer treatment outcome.
The radiation therapy procedure in itself does not necessarily guarantee a favorable outcome without
the skillful and careful exertion of all available treatment options necessary for harnessing the
potential benefits of radiation therapy (Khan et al.,|2016). Treatment planning encompasses finding
the optimal parameters of a treatment. These parameters may include dose-limiting structures,
OARs within a target volume, doctor’s dose prescription, dose fractionation, dose distribution,
patient positioning on the treatment machine, and the machine’s parameters. These parameters are
carefully specified as a treatment blueprint, which is to be precisely followed over several weeks of

frationated treatment procedure.

1.2 Treatment Planning Parameters

In this section, we will examine the parameters of the treatment planning process that will allow us
to answer the research questions posed in this work. What follows is not an exhaustive overview of
the parameters related to treatment planning but only those ones that concern this work. Readers
are referred to (Khan et al., | 2016) for a detailed exposition on treatment planning.

Target volume. As soon as radiation therapy is determined to be the treatment modality for a

particular patient, the location and spread of the tumor need to be thoroughly delineated. OARs



and critical structures within a target volume are contoured slice-wise in the 3D volume so that a
doctor can prescribe doses that must be delivered to each structure prior to treatment. A crucial
aspect of the treatment planning process is the local or regional control of a tumor. Localization of
a tumor may be achieved via computed tomography (CT) or magnetic resonance imaging (MRI)
scan, ultrasound, single photon emission computed tomography (SPECT) or positron emission
tomography (PET) (Khan et al., [2016; Webb, 2001). The outline of the microscopic and visible
portion of the tumorous cells in a patient is the farget-volume. This contains the tumor and its
possible spread to regions surrounding the tissues. The most sophisticated imaging devices do not
often reveal the geometric details of the microscopic spread of a tumor to surrounding tissues. The
part of the tumor that is visible under the imaging device is the gross target volume (GTV), while the
invisible microscopic part of the tumor, typically estimated during treatment planning, is referred
to as the clinical target volume (CTV). If microscopic diseases (invisible to imaging devices) are
missed during contouring, one may encounter radiation therapy failure, which is undesirable. Since
CTV boundaries are estimated, their spatio-temporal location are constantly changing, dependent
on respiratory motion, internal displacement of body organs, or treatment setup. Therefore, a
geometrical planning target volume (PTV) is often defined to contain the CTV within a margin of
error in order to account for treatment planning under uncertainty. The PTV is the recommended
target volume by the International Commission on Radiation Units and Measurements (ICRU) for
guaranteeing a clinically acceptable probability that an adequate dose will be delivered to all parts of
the CTV. ICRU defines the CTV and GTV as purely oncological concepts, while the PTV accounts
for patient motion and inaccuracies in patient beam positioning. illustrates these concepts
as defined by the ICRU.

Isodose distribution. In practice, the isodose distribution is determined by iteratively optimiz-
ing doses so that tumor cells are (ideally) completely irradiated with the right amount of dose whilst
sparing normal tissues. The complexities of balancing the physical constraints of dose delivery

machines, the uncertainty of the CTV coverage region and the specific characteristics of beams may
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Figure 1.2: Schematic of the various components that constitute an ICRU volume.

mean that certain healthy cells be sacrificed at the expense of providing an ideal dose distribution.
Isodose planning includes the optimization of beam weights, beam modifiers, beam placement and
beam energy. IMRT optimizes isodose distribution in a reverse engineering process where a uniform
conformal target dose spares OARs from incident beam intensities in a technique called inverse
planning.

Intensity Modulation. Conventional radiotherapy seeks to destroy malignant cancer cells by
targeting a uniform-intensity profile of high energy x-rays on cancer tumors while minimizing the
amount of radiation to normal cells. Uniform intensity is achieved with rectangular fields, blocks,
and wedges to specify flatness and symmetry (Webb, [2001). While useful, conventional radiotherapy
may cause unwanted effects on surrounding tissues. Three-dimensional conformal radiation therapy
(3-DCRT) leverages the advantage of multi-leaf collimators (MLCs) by engineering geometric

field-shaping to avoid sustained damage to normal tissues during radiotherapy. It matches the spatial



Figure 1.3: [Left - Right]: Conventional radiotherapy, conformal radiotherapy (CFRT) without
intensity modulation, and 3D-CRT with intensity modulation. Reprinted from (Webb, 2001).

localization of a high-dose volume to the target volume while avoiding normal tissues. A further
advancement in 3-DCRT is intensity-modulated radiation therapy (IMRT). IMRT constitutes a
broad class of cancer treatment modalities where local control of tumor is improved by controlling
an external beam’s physical delivery. Advancements in CT technology enables the shaping of
internally uniform fields with MLCs that conform the projection of a treatment target volume onto a

radiation beam that is then made incident on a tumor (Boyer et al.,[1992). Essentially, a ML.C shapes

a conventional geometrical field and varies its intensity bixel-wise so that the fluence (influence
matrix of the incident radiation) intensity is modulated. This has proven useful, especially when the
target volume has a concave surface or is close in distance to organs at risks (OARs) 2001).

illustrates the geometrical properties of these three forms of radiation therapy treatment.



1.3 Robotic Radiotherapy and Patient Positioning Mechanisms

Robotic radiation therapy is a form of radiation therapy that seeks to accurately irradiate a moving
patient and a moving target with the aid of robots (Schweikard et al., [1995;|Webb, 1999, 2001)). This
may involve using multiple degrees of freedom (DOF ) robotic arms to overcome the limitations
of cylindrical radiation beams of fixed cross section in delivering radiation (Schweikard et al.,
1995). A rotating linear accelerator gantry is mounted on a robot’s end effector, thereby generating
high-energy photons in order to create high-dose volumes of radiation (Webb, 2000). A patient
positioned on a 6-DOF translational and rotational robotic couch for motion alignment gets the
incident radiation at appropriate times during treatment (Gevaert et al., 2012; Lee et al., 2012). By
developing a geometric method for planning the beam’s adaptable shape as well as the beam motion,
treatment time can be evaluated as well as the transparency of the interactive treatment planning.
The robot aims radiation beams given any orientation relative to the target volume, thus giving
IMRT greater flexibility than most traditional radiation delivery methods. Alongside IMRT, image
guided radiotherapy (IGRT) is used to assure the precision of dose targets. IGRT methods employ
ultrasound, 3D imaging systems, 2D X-ray devices and/or computed tomography to instantly amend
positioning errors, and improve daily radiotherapy fractions’ precision. Image guidance in the
radiation therapy process is an important tool in the treatment value chain that enables advancements
in the delivery of improved dose distributions (Verellen et al., 2008)).

In order to avoid dose miss, guarantee precision of dose delivery, repeatable positioning when
escalation of dose is necessary in a target volume or when OARs’ exposure to toxicity need be
minimized, a patient’s position on the treatment machine should not fluctuate. In a geometric miss,
for instance, highly conformal potent dose increases the risk of underdose to tumors or undesirable
high dose to critical organs and nearby tissues. Studies have shown that patient displacement and
beam angle misalignment during IMRT produced a 38% decrease in minimum target dose or 41%
increase in the maximum spinal cord dose (Xing, 2000b). While image-guided radiotherapy (IGRT)
has improved IMRT accuracy while reducing set-up times (Ahn et al., [2009; Robb et al., [2013;



Figure 1.4: Masks and frames used for head immobilization in IMRT

Takakura et al., 2010), current IGRT practices focus on using images acquired before treatment
to confirm beam placement 2012). As such, rigid frames and masks (see [Figure 1.4) are

used to keep the patient immobilized on the machine so as to mitigate these errors. However, the

discomfort caused by head and neck masks and frames in prolonged IMRT treatment can increase
patients voluntary and involuntary motion. Studies show that translational errors caused by patient

motion can be larger than 6mm, and rotational errors can be as high as 2° (Kang et al., 2011). These

can compound over the treatment duration with potential harmful effects. More so, these rigid
positioning systems are time-consuming to calibrate on a treatment machine since doses are usually
delivered in fractions over many weeks or months: each time a patient comes to the clinic, they
need to be re-calibrated on the machine, as it is impractical for patients to wear frames/masks in and
out of clinics during elongated periods of treatment. Rigid frames and masks lack real-time position
correction of patient’s head motion and have been known to cause patient discomfort after treatment,
in spite of their strong stiffness properties. When involuntary motions occur during treatment,
post-treatment disorders may arise such as eczema, brain lesions and tissue toxicity
2009 Xing, [2000a).

Setup errors (interfractional) or patient motion (intrafractional) errors often need to be accounted

for during RT. While intrafractional errors can be minimized by highlighting the importance of
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Figure 1.5: SI anatomical axis location. Reprinted from Wikipedia.

voluntary stillness to the patient, suitable means of immobilization and adaptive positioning are
necessary when the patient moves involuntarily or sleeps. A good immobilization system should
assure precise and accurate targeting of critical organs, ensure dose delivery precision whilst keeping
the patient comfortable during treatment. Frameless and Maskless (F&M) RT is promising because
it minimizes invasiveness and reduces setup times while comfortably positioning the patient. Before
we review the state-of-the-art in frameless and maskless radiation therapy, we briefly introduce the
correspondence between the axes of motion used in anatomy and how they correspond to rotational

motion in robotics.

1.3.1 Anatomical Motion Axes of the Human Body

In anatomical taxonomy relating to radiation oncology, three major axes are generally employed
to describe the relative locations of organs in the human body, namely the left-right (LR) axis, the
anterior-posterior (AP) axis, and the superior-inferior (SI) axis. A complete motion about these
three axes define a complete 6-DOF motion of a part of the human body. The posterior-anterior
axis runs from the front of the body through the back of the body, while the superior-inferior axis

runs from the cranial location of the head through the pelvis region of the body. These are both

illustrated in
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;Craniocaudal
|or longitudinal axis

Figure 1.6: LR anatomical axis. Reprinted from Wikipedia.

Rotations around the LR, SI, and AP axes respectively describe motions along the yaw, roll,
and pitch axes respectively in the aircraft principal axes coordinate system. These three axes are
attached to the body and move as the body executes torque motions along each axial direction.

Finally, the left-right axis runs laterally from left to right across the human body, as illustrated in

1.3.2 Frameless and Maskless Radiation Therapy

During radiosurgery, it is important to keep the patient immobilized on the treatment machine in
order to avoid translational and rotational errors. Accurate control is required so that healthy tissue
around a tumor is not excessively irradiated to the point where such tissues are damaged or killed.
Frame-based stereotaxy immobilizes regions of the patient’s body and head so that sensitive organs

be properly irradiated to render, e.g. , brain tumor cells necrotic. Accomplishing this typically

10


https://en.wikipedia.org/wiki/Anatomical_terms_of_location

involves positioning the patient on the treatment bed while a frame is securely attached to the
patient’s head. Such treatments are not suitable for fractionated, small doses, which are repeatedly
given to the patient from a few weeks to a couple of months. These fractionated doses are necessary
when previously irradiated tissues are required to heal while other organs are irradiated. It becomes
impractical to leave the frame on the patient’s head, since treatment usually lasts several rounds
for weeks or months. The complex process of removing and reattaching the frame would result in
different positions of the frame each time — defeating the purpose of accurate positioning. Therefore,
while frame-based stereotaxy gives desired accuracy, it is not feasible for fractionated treatment
plans.

To circumvent attaching frames with screws over the cranial region of the patient as well as the
need to focus radiation on regions outside the cranium, frameless stereotaxy was developed (Murphy
and Cox, 1996). In frameless stereotaxy, a 3D patient mapping is created for the body region of
interest and stored away as reference. Two or more diagnostic beams are then passed through
the mapping region where the beams are at predetermined non-zero angles from one another. At
predetermined time intervals, the stored and diagnostic images are compared to reference data, and
the error between them is used to adjust the beam used on the target region; this ensures alignment
with the dose of the surgical prescription.

Frameless and maskless positioning systems aim to immobilize the patient without the rigid
masks and frames that are often fraught with patient discomfort and usually lack real-time position
correction. We briefly review related works that attempt to control a patient’s head and neck motion
in frameless and maskless scenarios in radiation therapy. We then provide a general overview of

soft robot actuators in subsection [ 1.3.3| describe the typical hardware designs in (g 1.3.4| and

modeling/control approaches in g 1.3.5

Initial research into F&M radiation therapy procedures consisted of investigations of soft
immobilizing devices around the patient’s head and neck region without a real-time controller in

the loop. These techniques were mostly evaluative studies meant to investigate the feasibility of

11



non-rigid immobilization techniques in treatment planning. We provide a general overview of prior
investigative studies on these techniques in what follows.

Cervino et al. (Cervino et al., 2012) fitted expandable foams around the sides and the back
of a patient’s head while leaving the face exposed. Essentially, the immobilization mechanism
was a customized head mold that minimally immobilized the patient while leaving the face free.
Patient set-up was performed using computed tomographic (CT) scans before treatment. Simulated
treatment accuracy showed an average treatment time of 26 minutes, with patients who slept
during experiments taking longer as a result of involuntary movements. In (Cervino et al., 2010),
the authors evaluated the accuracy of a head mold that minimally immobilized a patient’s H&N
region while leaving the face free in a controlled positioning experiment with volunteers. A 3D
surface reconstruction imaging system was used in monitoring patients’ position, and treatment
was stopped whenever motion exceeded a defined threshold. While the monitoring system showed
great clinical accuracy, it assumed and required high patient cooperation in order to achieve the
desired immobilization. (Murphy et al., |2008) analyzed the position and velocity components
of a Calypso electromagnetic localization system in order to capture normal free breathing. In
(Navarro-Martin et al., 2015)), the authors assessed the differences in interfractional setup accuracy
in stereotactic radiation therapy by evaluating the mean displacements for a vacuum cushioning
system and thermoplastic masks. With tests on 73 patients for a total of 246 cone beam CTs, it
was found that thermoplastics provided a lower deviation in average displacement compared to the
vacuum cushioning system. Using a head mold, an open face-mask, and a mouthpiece, (L1 et al.,
2015) quantified the residual rotation and positioning errors in an open-loop setting to ascertain the
reduction in setup time during patient positioning setup. The head mold and open face mask system
restricted head motions to within 0.6° &= 0.3° with the time spent on motion corrections limited
to 2.7 & 1.0 min. With advances in mechanical designs and image-guided adaptive techniques,
radiation therapy is increasingly witnessing the incorporation of real-time imaging and positioning

devices to manipulate patient motion (Krauss et al., 2011).
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Real-time patient-positioning systems employed in F&M radiotherapy until now have been
mostly rigid electro-mechanical links connected at discrete joints. Robotic stages are generally
used in correcting motions of test patients and manikin phantoms in a controlled setting. Example
implementations include steel-cast assembled4-DOF robot link components (Liu et al., 2015),
HexaPOD parallel manipulators (Herrmann et al., 2011), or in-house fabricated Stewart-Gough
platforms such as proposed by (Belcher,|[2017). Approaches in feedback control typically employ
a vision-based sensing system in monitoring and measuring real-time patient motion. The vision
systems may include one or all of infra-red markers, polaroid sensors or a highly sensitive vision
tracking system such as the AlignRT (London, UK) 3D vision senso to measure deviation of a
tumor or the isocenter of the patient from a reference configuration. These measurements are then
used in a feedback control loop to control the patient’s motion or tumor motion.

The robotic stage of (Liu et al., 2015) consisted of 4-axis motor controllers and a power amplifier.
The authors derived a 6-DOF calibration framework that transformed the position of a patient head
into the coordinate system of an IR tracking camera. The vision-based setup was then used in a
real-time feedforward and feedback control of the translational (x, ¥, z) and the rotational (pitch)
motion of a phantom and some human trials; the optical sensing system tracked the pose of the
head while a decoupling control law regulated the xyz-translational and pitch motions of the head.
A stepper motor controlled the motion of the pitch axis about a pivot point at the base of the
mechanical platform. The authors reported that they achieved a correction accuracy of 0.5mm along
the L — R(X), S — I(Y), A— P(Z) axes and a 0.2° rotational accuracy about the pivot to the
Z-translation axis. (Herrmann et al., 2011)) utilized a 6-DOF robotic HexaPOD treatment couch
for motion compensation of lung tumors. Leveraging the fast and precise positioning of heavy
payloads, the authors implemented a linear auto-regressive exogenous parameter-identification
system to identify the HexaPOD’s dynamics; a model predictive controller then manipulated a

lung tumor with respect to a treatment beam under low frequencies to accomplish real-time motion

! AlignRT: https://www.visionrt.com/product/alignrt.

13


https://www.visionrt.com/product/alignrt/

Figure 1.7: The Cyberknife radiation delivery and 6-DOF robotic couch systems. ©Accuray Inc.

compensation. (Haas et al.,[2012)) used an Elekta 4-DOF (3 translation and one rotational) parallel

robot to first simulate and then control couch-based motion in real-time. The authors used a linear
state-space model to approximate the rigid body dynamics of the patient support system earlier

proposed in (Haas et al.,2005)). The state-space model, and an asymmetric dead zone model of the

patient support system predicted patient motion, while the velocity response of the patient to voltage
input was implemented in a lookup table between a nonlinear gain and a second-order transfer
function with asymmetric deadzone. Finally, a Kalman filter acted as a redundant motion prediction
for the computationally complex prediction model scheme described. Afterwards, a PID controller
was implemented to achieve necessary control along the relevant axes of motion for the system.
There are advances in motion-tracking systems in industrial systems such as Cyberknife and
Novalis (see Figures[I.7]and [I.8). Cyberknife ensures complete non-invasive radiotherapy by using
implanted tiny gold fiducials to differentiate tumors from healthy tissues. These machines employ
a light-weight linear accelerator fitted to a robotic arm in order to direct the beam along 6-DOF .
These machine systems are not compatible with the conventional linear particle accelerators used
at the majority of cancer treatment centers, they are very expensive to use, and they are limited

in consistent treatment planning given their basic assumption that a patient’s body is rigid during
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motion tracking and compensation. Being non-compliant, they are incapable of safe interaction

Figure 1.8: Noninvasive RT. ©Novalis.

with human beings, and it is typical in manufacturing environments, where they are widely used, to
separate human workspaces from rigid robotic workspaces. The human body is a natural system
that needs to be manipulated with materials that can absorb much of the energy arising out of
collisions, rather than rigid electro-mechanical components. We therefore explored the integration
of soft-bodied robots made out of compliant materials in building our actuation system for cranial
manipulation in robotic radiotherapy.

A major drawback of most of these systems is that they do not address the attenuation of
ionizing beams during treatment caused by the rigid electro-mechanical systems that they employ
in immobilization. The presence of EM stages can significantly reduce the intensity of incident
radiation. One of the goals of this dissertation is to investigate the effectiveness of radio-transparent
soft robots in IMRT in order to provide real-time motion correction for patients in RT whilst

guaranteeing patient comfort.

15



1.3.3 Soft Elastomeric Actuators: An Overview

The approaches described in this section involve the manipulation of head and neck phantoms
on a treatment table using radio-transparent soft actuators that exhibit extensional deformation
compression. Continuum-based models are described in the next chapter where we analyze and
synthesize the homogeneous deformation of the soft elastomers.

Soft robots or soft actuators are deformable enclosures typically filled with fluid membranes
to enable manipulation or locomotion tasks by controlling the fluid in the robot’s chamber. They
generally exhibit a distributed deformation when they are transformed between configurations. This
means they exhibit infinite DOFs , possess hyper-redundancy in their configuration space, thus
making them capable of flexible manipulation wherein the tip-point of the actuator can achieve
multiple shapes and configurations in a three-dimensional workspace. Given their minimal or
non-resistance to compressive shear strain, their compliance make them suitable for biomedical
applications where delicate manipulation may be required, as opposed to rigid mechanical platforms
that exhibit a high load-to-weight ratio coupled with high stiffness — impractical in enabling
articulation of human body parts. Soft robots have the capability of bending, deforming, and twisting
with high curvatures, thus enabling their use in confined spaces and radio-transparent required
manipulation settings. If carefully designed, they can continuously deform their bodies and emulate
biological motions, as well as adapt their geometry to an environment — employing their embodied
intelligence and morphological computation property in order to manipulate objects (Zambrano
et al.,[2014). The shape, geometry, location, and compliance properties of an organism’s body parts
that exist in nature define the perception and environmental interaction that enable the synergistic
morphological connection of these features with expressed behaviors (Zambrano et al., 2014). This
morphological computation enables the emergence of behaviors that are aided by the mechanical

properties of a physical system.
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1.3.4 Design of Soft Robots

Hardware design of soft robots generally consists of fluidic-based designs or hydraulic-based
designs. We focus mainly on fluidic-based systems in this work. Systems such as (Katzschmann,
Marchese, and Rus, Katzschmann et al.) utilized a lost-wax casting process to fabricate a planar
soft manipulator gripper that was then used in an autonomous manipulation of diverse objects of
different geometry within the soft manipulator’s workspace. This manipulator had six bidirectional
segments with cylindrical cavities forming an arm with a pleated shape. (llievski et al., 2011)
developed a starfish-shaped soft robot that employed pneumatic networks within an elastomer to
manipulate a living mouse without harming it. Soft lithography (X1a and Whitesides|, [ 1998)) is
increasingly being used to design soft robots due to its capacity for replicating microstructures on a
non-planar surface and the manner in which it provides access to three-dimensional structures. Soft
lithography tolerates a wide range of materials and chemistry surfaces. Soft lithograph was used
by (Shepherd et al., [2011) to fabricate a pneumatically-actuated robot that generated dexterous
gaits and complex motions including crawling as well as undulation gaits. McKibben actuators and
electro-active polymers are used for extension-based manipulation of objects (Pujana-Arrese et al.,
2007).

Embodied intelligence, inspired from the behavior of natural organisms in nature, have inspired
the prototype of a robot arm based on an artificial muscular hydrostat (Laschi et al., 2012). With
tentacles made out of silicone conical arms, inspired from the muscular hydrostat of the Octopus
vulgaris, the platform can change its shape around various geometrically-shaped objects. Bending
fluidic actuators have garnered large attention in soft robotics owing to their robustness, continuous
interaction with the environment, high force density, and large deformations. The FASTT (Cacucci{
olo et al., 2015) soft robot capitalizes on the compliance of bending fluidic actuators to realize a
self-stabilizing locomotion on terrains with varying surface geometry. A recent class of elastomeric
actuators are the fiber reinforced elastomeric enclosures (FREEs). These materials consists of

cylindrical rubber or silicone pneumatic cavities that have fiber windings around them in specific
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helical configurations to create sophisticated motions (such as compression, axial rotation, and
twisting) when pressurized (Bishop-Moser et al., 2012; Demirkoparan and Pencel 2007; Holzapfel
et al., 2000; Sedal et al., 2018)). These actuators tend to be robust for linear extension, and twisting

moments based manipulation.

1.3.5 Soft Actuators: Modeling and Control Approaches

Soft robots are notoriously difficult to control, given their continuum-based mechanical properties.
Schemes for controlling these class of robots are a very active area of research with mixed successes.
In what follows, we present a review of the modeling and control schemes that have erstwhile been
employed in soft robotics. Approaches range from finite element modeling (Bern et al., 2017} |Gent,
2012; Nesme et al., 2006} 2005), system identification and function-approximator based approaches
(Giorelli et al., 2015; Ogunmolu et al., 2017), homogeneous continuum approaches (Holzapfel et al.,
2000; |Ogden, |1997), non-homogeneous continuum approaches (Ogden, |1997)), to non-constant
curvature approaches. Non-constant curvature approaches belong largely to three categories namely,
the continuum approximation of hyper-redundant sytems such as found in (Chirikjian, |1994;
Chirikjian and Burdick, |1995; Mochiyama, 2005), spring-mass models for semi-rigid robots such
as (Yekutieli et al., 2005} Zheng et al., 2012)), and geometric continuum models (Boyer et al., 2006;
Demirkoparan and Pencel, 2007} (Gent, 2012; |[Holzapfel et al., 2000; |Ogden, 1997; Rucker et al.,
2010; Sedal et al., [2018). Cosserat approaches for semi-rigid soft robots, whereupon the strains
of the Cosserat model are derived from stress-strain laws have been used by (Renda et al., 2014).
In (Renda and Seneviratne, 2018)), the authors derived a discrete Cosserat model for a soft-rigid
multi-body system using the geometrical framework of the rigid robotics based on the exponential
map.

For an extensive literature review of the design, fabrication, and control of continuum soft
robots, we refer readers to (George Thuruthel et al., 2018; Rus, Daniela; Tolley, Michael T., 2015}

Trivedi et al., 2008). Our goal in this dissertation is not the explicit design of soft robots per se but
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the continuum modeling of individual soft robots, their kinematic configuration and dynamics in
multi-DOF assembly modes and their control.

Aside from the need to develop the hardware consistent for a feedback control of patient position
correction system, a separate treatment planning optimization problem is solved in order to assure a
near-optimal treatment dose. Given an ideal dose description by a doctor as a biological statement
of objectives, the treatment planning optimization problem uses inverse planning to generate a best

set of intensity-modulated beams in a process often referred to as beam orientation optimization.

1.4 Beam Orientation Optimization

Radiation intensities are generally delivered from different beam orientations using multiple colli-
mators — generating concave dose distributions that precisely spare sensitive normal organs with
complex treatment geometries (Webb, 2001)). Each beam is divided into beamlets, where beamlets
in a beam are aimed from the same angle; it is noteworthy to add that a beamlet may be of a
different intensity from that of its neighbor — helping generate the non-uniform radiation profiles on
a target volume. The process of selecting the best combination of beam angles among the cardi-
nality of beam orientations from which radiation could to be delivered is termed beam orientation
optimization (BOQO), while the process of optimizing the resulting beams so as to fit a doctor’s
prescribed dose by determining the intensity (influence) to assign each beamlet is termed fluence
map optimization (FMO). Both of these are part of the so-called inverse-planning problem that
uses optimization techniques to generate intensity distributions across a beam’s eye-view and the
geometric field shape of a target volume. When just the gantry of the LINAC machine is rotated
with respect to the other angles of the robot, this results in a set of coplanar beams being swept out
by the gantry.

Finding the optimum physically deliverable fluence profile to obtain a desirable dose is a key
problem in IMRT. Mostly, this problem proceeds manually in a time-consuming scenario in most

clinics. The success of this manual procedure depends on he treatment planner’s experience. A
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favorable radiation “influence” (fluence) profile is typically found by simultaneously maximizing
and minimizing the dose delivered to tumors and OARs respectively, while generating sharp dose
gradients at the transition between tumors and OARs. Since tumors often intersect with OARs,
and the dose deposition’s physics changes with every beam orientation, BOO is a non-convex
problem (Craft,|2007)), (Sodertrom and Brahme, [1993)) with myriad possible beam combinations
within a setup’s phase space. One may consider the BOO problem as a set cover or combinatorial
optimization search problem, where given a universe of all candidate beam angles, U/, we seek to
find from a subset family S of U, a cover subfamily, C C S whose union is an optimal beam set
that meets a doctor’s prescription.

Techniques that have so far been proffered for numerically solving the BOO problem elongate
the treatment planning process and lack adequate real-time feasibility. The reason is largely two-
fold: first, a large, ill-conditioned dose influence matrix, D;;, for all discretized beam angles
within the setup’s phase continuum must be computed for every candidate beam angle in a very
computationally demanding scheme; second, the respective beamlet’s dose per angle must be used
to solve the FMO solution for myriad beam combinations during search before the “best” beam
angle set is chosen. D;;(0;) is interpreted as the dose delivered to a discretized voxel ¢ by a unit
intensity beamlet j, incident from angle 6, where k are the indices of beamlets in a beam B.

Linear programming duality theory alongside gradient descent have been used in computationally
finding desirable beam angles and beamlet intensities (Bertsimas et al., 2013} Craft, 2007} Stein
et al., |1997). These methods employ local search to evaluate the structure of an IMRT plan’s
objective function in order to improve a global plan quality. (Bertsimas et al., 2013) defined a
linear programming problem with constraints that capture a doctor’s preference for dose delivery:
a gradient-based approach searched the neighborhood of angles earlier found from global beams
search. In (Craft, 2007), the author found a beam angle set in the global beam angle space and then
refined the angles locally with gradient descent optimization.

A popular computational approach is simulated annealing (SA), where gantry angles are sampled

in the global beam space and corresponding beam profiles are optimized using local neighborhood
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search. The local neighborhood search may consist of deterministic or stochastic search algorithms
so as to improve a current solution. A fixed subset of a gantry angle’s neighbors, or the complete
neighborhood can be traversed at each iteration so as to find a better solution in the deterministic
case, while in the stochastic case, SA arbitrarily chooses neighboring solutions so as to find an
improved solution at each iteration (Aleman et al., 2008a). We refer readers to (Aleman et al.,
2008a; | Bortfeld and Schlegel, 1993} |Pugachev et al., 2000; |[Pugachev and Xing, [2002; Stein et al.,
1997) for BOO treatments using SA. We note that while SA may find a good solution, this usually
comes at the expense of a long iteration of escaping local minima.

In approaches such as (Pugachev and Xing, 2001), a score function characterizes the maximum
dose that a planning target volume (PTV) can receive from a beamlet, such that the dose tolerance of
OARs and normal tissues along a beamlet’s path are not exceeded. In (Djajaputra et al., 2003)), the
authors accelerated the IMRT optimization process using a fast SA approach to select beam angles
from a set of predefined directions, while (Bortfeld and Schlegel, [1993) employed a frequency-
domain paradigm for optimizing least-square-like objective functions using Parseval’s theorem to
the end of speeding up the simulation process. They reported being able to solve the nonconvex
BOO problem within a “few minutes on a minicomputer”. However, (Bortfeld and Schlegel,
1993)’s algorithm is restricted to /5-like objective functions, and it assumes approximations on
the mathematical model of the problem. Our approach in this work is adaptable to any family of
objectives and solves the beam selection problem within the fraction of a minute.

Feature-based machine learning approaches are also used, whereupon the high dimensionality of
the 3D treatment volume for a patient is divided into pencil beams such that an input-output mapping
between the patients and the corresponding intensities are modeled using regression techniques
such as support vector regression, or local regression (Lu et al., [2006)). Such methods need a lot
of training data to efficiently learn a good principal model that accurately maps the relationship
between a patient’s geometry and beam intensity. In (L1 and Le1, [2010), DNA-computing and a

genetic algorithm was implemented: beam angles were encoded with a DNA computing framework,
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which generated genetic operators that were employed to search for feasible beam solutions. Other
lines of work have treated IMRT treatment planning as an inverse optimization problem, with
techniques ranging from adaptive /5, optimization (Jia et al., 2011), and mixed integer linear

programming (D D’Souza et al., 2004} Lim et al., 2007; [Wang et al., 2003).

1.5 Research Motivation

Being a relatively new form of cancer treatment, the full development of radiation therapy requires
the interdisciplinary effort of engineers, physicists, and physicians in order to improve the treatment
planning process. This is in part the purpose of this dissertation. Given the stringent requirements
for accurate and precise delivery of dose for disease locations, as well as the elongated treatment
planning process due to the heavy computational requirement of BOO, IMRT treatment planning
require a sizable investment in clinical time from trained medical physicists, physicians, dosimetrists,
and radiation therapists inter alia. The instrumentation and automation procedures in IMRT are in
their infancy: from the 3D multimodal medical imaging of tumor sites to the robotic manipulation
of patients on the treatment couch. More robustness and automation mechanisms are needed to
improve the treatment of disease sites (Boyer et al.,|2001). As such, the complete development of
IMRT will require the multidisciplinary concerted effort of physicists, mathematicians, oncologists,
roboticists, and broadly engineers.

We address the following concerns:

* How can we improving the time required for finding beam angles whilst preserving treatment

quality?

* Can multi-DOF soft manipulator mechanisms function as positioning mechanisms in non-
invasive radiosurgery such that radiation dose is not attenuated and motion-correction is

comfortable compared with the rigid metallic masks that are used in most research clinics?
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Given the inconvenience of frame- and mask-based immobilization devices currently used in
IMRT, and the exposure of OARs to toxicity given the gyrations in patient motion as a result of
respiratory motion, interfractional and intrafractional calibration errors (Sterzing et al.,[2011), we
synthesize, analyze and evaluate soft robot actuator position-correction mechanisms in non-invasive
head and neck radiation therapy.

On a second note, we design an approximate policy iteration scheme (Bertsekas|, [2013) for the
time-exhausting IMRT inverse planning optimization process. Being a machine learning based
model, we aim to avoid the manual feature selection for classifying the characterization of the
mapping from patient geometries to beam orientation. Approximate policy iteration automation
scheme has attractive sub-optimal control properties (Bertsekas et al.,|2017a) when combined with
recent function approximator breakthroughs in large state spaces (Levine et al., 2016; Mnih et al.|
2015; [Silver et al., 2016, [2017). Having a near-optimal automated tool for choosing beam angles
will reduce the current trial and error process, and jump-start the beam angles set from which
treatment planners could further fine-tune predicted beams given a patient’s CT geometry in little

time.

1.6 Dissertation Structure

The first part of this work treats the automation of the patient’s motion correction system with
arrangements of nonlinear elastic soft robot (in geometric primitive forms) around the patient’s head
and neck region. Some of this work have previously appeared in the following publications (Ogun+
molu et al., 2015|2017, 2015b, 2016b)), and (Almubarak et al., 2018]). Our additional contribution
is the continuum mechanical model of the kinematics of strain deformation for a soft robot and a
multi-dof analysis of motion of the head region under the influence of multiple soft robots to adjust
infinitesimal patient motion on a treatment table. These can be found in Chapters [2]and 3]

In the second part of this work, we formally introduce the beam orientation optimization problem,

and then prescribe an approximate dynamic programming approach that reduces the treatment
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planning time for dosimetrists, radiation therapists and physicians during treatment. Some of the
work described pertaining to this have appeared at radiation therapy conferences and algorithms
for robotics venues e.g. (Sadeghnejad Barkousaraie et al., 2019a), (Sadeghnejad Barkousaraie
et al.,[2019b), (?), (Barkousaraie et al.,|2019), (Ogunmolu et al., [2018)), (Sadeghnejad Barkousaraie
et al.,|2019), (Ogunmolu et al., 2019), (Ogunmolu et al., 2018)), (?), (Sadeghnejad Barkousaraie
et al.,|2019b). The new contributions here are the approximate policy iteration formulation which
encompasses a column-generation supervised machine learning of correct beam angles (Bertsekas,
2013)), which is in turn followed by a single agent Monte-Carlo tree search formulation. This is
presented in Chapter ??.

In the course of my degree, I did some other work on embedding robustness into deep policies
for robot navigation. These works are not discussed in this thesis but the reader can find them in
the following publications: (Ogunmolu et al., 2018; Summers et al., 2017) and (Ogunmolu et al.,
2017). All the codes for the experiments presented in this thesis as well as throughout my graduate

degree are indexed on github.
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CHAPTER 2

DEFORMATION ANALYSIS OF A SOFT CONTINUUM MANIPULATOR

In this chapter, we analyze a soft continuum manipulator molded in a spherical form using nonlinear
elastic theory of deformations. Specifically, we abstract the system of motion interaction between
multiple IABs and a representative head of a patient using the simple interaction between a
single IAB and the head. We then write out the contact force equations of the head-neck-IAB
system in order to analyze the forward kinematic equations of the patient’s motion on a treatment
table/machine. Unlike link lengths and joint angles used in parameterizing the motion of rigid
robots, soft robots present unique challenges with respect to the nonlinearity of their elastic material
properties, their potential infinite degrees of freedom, their morphological properties under strain
and torsion (Sedal et al., 2018}; Zambrano et al., 2014)), and the lack of a well-developed framework
for capturing their dynamical behavior and control (George Thuruthel et al., 2018)).

In addition to the modeling methods described in we briefly describe our motivation
for devising a finite elastic model for our robot mechanism. The constant curvature approach for
parameterizing the deformation soft continuum robots (Hannan and Walker, 2000, |2003; Jones
and Walker, 2006) has played significant role in the kinematic synthesis of deformable continuum
models over the past two decades. Under this framework, it is assumed that the configuration
space of a continuum module can be parameterized by three variables that relate the curvature
of an arc projected on the soft robot’s body to the length of the arc, and the angle subtended by
a tangent along that arc. The relationship between these parameters are typically found using
differential kinematic analysis with a Frenet-Serret frame that models the behavior of a curve on
the soft robot’s surface with or without torsion. By abstracting an infinite dimensional structure
to 3D, large portions of the manipulator dynamics are discarded under the assumption that the
actuator design is symmetric and uniform in shape. When multiple soft robots are arranged in
a kinematic chain, the constant curvature sections can be stitched together to form the so-called

piece-wise constant curvature model (Jones and Walker, 2006). For finite elastic deformations such
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as continuum models made out of materials with Poisson ratio close to 0.5, the constant curvature
model is an overly simplified model that exhibits poor performance in position control (Kapadia
et al.,[2014)). It is noteworthy that the Cosserat brothers’ beam theory has been relatively successful
in modeling soft continuum dynamics (Renda et al., [2014; [Trivedi et al., 2008). However, their
heavy computational requirement given a more complex model and the added sensing cost does
not scale well compared to simpler models. Finite element modeling methods, while accurate,
require heavy computation and time-consuming calculations so that they are not very useful for our
application.

Therefore, we rigorously analyze the deformation and kinematics of a soft continuum module
built out of materials with incompressible walls, henceforth called inflatable air bladders (1AB),
using nonlinear finite elastic deformation theory (Mooney, 1940; Ogden, |1997; Rivlin and Saunders,
1950; Treloar, |1975). This would enable us to build a broad hook for the model of the deformation
of soft continuum robot modules under stress, strain, internal pressurization, and an arbitrary
hydrostatic pressure. This model and kinematic decomposition will then be used to develop
the kinematics of a 16 assembly mode (Merlet, |20135)) soft robot motion correction mechanism.
Foundational readings may be found in (Demirkoparan and Pence, 2007; Gent, 2012; Murray, [2017;

Ogden, |1997; Treloar, |[1975), but in the next section we introduce the basic principles.

2.1 Foundations

Let £ be a set of elements, which we shall refer to as points. A set of points, a body B, describe
particles that have a one-to-one mapping with a region, B, of a Euclidean point space, £. The body
B is said to occupy B. During motion, the region occupied by B in £ continuously varies. The
configuration of a body B is a mapping x : B — £ which takes B’s particles to their occupied

locations in £. The location occupied by a particle X € B in the configuration x is

x=x(X) = X=x'(x). 2.1)
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We take x and x ! to be C2-diffeomorphisms i.c. they exist on twice continuously differentiable
manifolds. The motion of B is parameterized by the configuration x; : B — £ for time ¢t C R, and

can be written as
x=xi(X) or x=x(X,1). (2.2)

For a given particle, X, equation (2.2)) describes a curve in £, which is a path of X in the motion.
A time-independent fixed configuration describes the reference configuration of a body B, and is

written as
X =x0(X), X =x,"(X), (2.3)

where X denotes the location of the particle X in the reference configuration, xo. When a body

deforms in the reference configuration, it enters a current configuration, which from (2.3) becomes,

x = x:{xo " (X)}. (2.4)

It therefore follows that x = x;(X'). A motion in the current configuration x = x;(X) is rigid if

and only if
x=c(t)+Q(t)X V X € B, (2.5)

where the translatory motion of the body is encoded by ¢(t¢) while the pure rotatory motion of
the body is defined by the proper second-order orthogonal tensor Q(t). We are concerned with
the motion of a body from an initial configuration to a final configuration; we do not require the
knowledge of transitory stages in the motion. Thus, abusing notation, we drop the ¢ arguments and

write the component form of (2.4) as

with an arbitrary choice of reference configuration such that By = xo(B). If a material body has all

deformations for each material point in the body constrained to be isochoric (the material deforms
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locally but volume is preserved globally), the material becomes incompressible, and the constraints
condition is referred to as incompressibility (Ogden, |1997). The isochoric property is an important
one, whereupon for finite stress-strain deformations and a class of large elastic deformations, it
can model the physical property of the material in exact closed-form equations. Some results on
isotropic finite elasticity have been laid out in the works of (Ogden, 1997} Rivlin and Saunders,

1950; [Treloar, [1975) inter alia.

2.1.1 Group Theory Fundamentals

The special structure of a group, called the displacement group { D}, can be used to represent the

motion of a soft body. The special orthogonal group SO(3) is a subgroup of the general linear group
SO(3) ={R € GL(n,R) : RRT =1, det R = +1}. 2.7

A group with a topology operation on its set of elements such that the group can be given the
structure of a differential manifold with the property that group multiplication and inversion is
continuous is called a Lie group. The special Euclidean matrix group SE(3) is a differentiable
manifold, comprised of all the translations and proper rotations that moves a body from one point to
another in the ordinary cartesian 3-space E* (Brockett, 1990). An isomorphism mapping maps open
set of elements of SE(3) onto an open set of RS. The special Euclidean group SE(3) is composed of

matrices of the form

R p
g= € SE(3). (2.8)

of 1
R € SO(3) is a rotation matrix , and p € R? represents the linear position of the particle. The
Lie algebra is a vector space L with the antisymmetric bilinear operation [,] : L x L. — L which

satisfies the Jacobi identity, [Ly, [Lo, L3]] 4+ [Lo, [Ls, L1]|[Ls, [L1, L2]] = 0. The Lie algebra of

SE(3) is the vector space of all instantaneous velocities whose elements are 6-dimensional vectors
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of the form (v,w), where w is the infinitesimal angular generator of the soft robot body, and v is the

infinitesimal linear generator of the rigid body. It the representation

w v

se(3) =< LIL = J = —wT (2.9)
0 0
where w is the skew-symmetric matrix,
0 —W, Wy
w= | w, 0 —w,| €s0(3). (2.10)
—Wy Wy 0

The Lie algebra line element can be otherwise written as a 6-vector
T
5@(3) = |:wT UT:| S Rﬁ.

where v, w € R3,

2.1.2 Screws and Twists

The twist is a screw and an amplitude, denoting an infinitesimal displacement. Forces and torques
that produce velocity and acceleration are 3D vectors pairs, (F, M), called wrench. A twist and a
wrench are reciprocal when w.M + v.F = 0. The screw is a geometrical object consisting of a line
in space together with the pitch. The pitch is given by

w-v

h:

w-w

The twist, £, defined in generalized coordinates as a function of the body velocity, § € se(3) is
=997 (2.11)
from which the generalized velocity of a motion in world coordinates is defined as

RRT p— RRTp W
£ = = € se(3). (2.12)
0 0 0 0
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The isomorphism of the twist matrix in the Lie algebra to R® can be represented as
X T
§= ( ol w? ) (2.13)

2.1.3 The deformation gradient

Consider a reference configuration 53, of a body B, which deforms to a current configuration ;.

From (2.5)), the rectangular Cartesian coordinates component form become
€T; = Xl(Xa) (214)

From (2.14)), we have the rate of deformation as

aZL'i
dx; = —dX,, 2.15
Xi= 3 X, (2.15)
with invariant form
dx = FdX (2.16)

where F is a second-order tensor (using (Ogden, 1997)’s notation),

F=VaxX), 2.17)

and ® denotes the outer product. For a material line element or fiber (a vector dX) on a soft body,
we require that F be non-singular since FdX = 0 is not physically realistic. Thus, FdX # 0 for
all dX # 0 so that det F # 0 is a restriction that is generally imposed on F. We define the left and

right Cauchy-Green deformation tensors as

B=FF" and C=F'F

respectively.
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2.2 Deformation of a Single IAB

In this section, we present the spherical polar coordinate representation of [AB deformations, derive
the deformation gradient under assumptions of isochoric deformations and incompressibility of
the IAB material skin. We then parameterize the configuration space of IAB kinematics based
on a relationship between internal pressure, Cauchy stress, stored strain energy, and the radii of
the IAB. The IABs are made out of rubber or elastomeric components. These materials have the
distinct property of incompressibility with a Poisson ratio of approximately 0.5 (Gent, 2012). Our
overarching assumption is that volume does not change locally during deformation at X i.e. the

deformation obeys isochoricity.

2.2.1 Invariants of Deformation

A consistent mathematical theory that describes the deformation of highly elastic, incompressible,
and isotropic materials under the action of applied forces was established by (Rivlin and Saunders,
1950) in terms of stored energy function, 1. This stored strain energy, I, captures the physical
properties of the material. It is a function of two invariants namely /;, and I, described in terms

of the principal extension ratios of the strain ellipsoids, A, Ay, Ag,

Stored Energy Invariants

L=X+X4+XN, and L=X7+)7+X" (2.18)

Under the incompressibility assumptions of the IAB material body, we have A\, A\yA\g = 1 (Treloar,
1975). In spherical coordinates, the change in polar/azimuth angles as well as radii in the reference
and current configurations are as illustrated in Forces that produce deformations can be

derived using the strain energy-invariants relationship, particularly using the rates of change of the

W and W

strain energy with respect to these invariants, i.e. 7 oL,
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(r,¢,0)

Reference Configuration Current Configuration

Figure 2.1: Deformation in spherical polar coordinates.

2.2.2 Analysis of Strain Deformations

Suppose a particle on the IAB material surface in the reference configuration has coordinates
(R, O, ®) defined in spherical polar coordinates, where R represents the radial distance of the
particle from a fixed origin, © is the azimuth angle on a reference plane through the origin and
orthogonal to the polar angle, ® (see[Figure 2.T). Denote the internal and external radii as R;, and R,

respectively. We define the following constraints,
Ri<R<R, 0<06<21, 0<®<m, (2.19)

Now, suppose that the IAB undergoes deformation under the application of pressure to the internal
walls of the tube as depicted in Arbitrary points A and A’ in the reference configuration
become () and ()’ in the current configuration. Suppose that the vector that describes the material
line element that connects points A and A’ is a = age, + ageg + apey Where er, g, €4 are
respectively the basis vectors for polar directions R, O, ®. We assume that there are internal
constraints such that spherical symmetry is maintained during deformation of the incompressible

material shell. This assumption helps in the simplification of the contact dynamics of the IAB
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Reference Configuration: (R, ®,0) Current Configuration: (r, ¢,0)

Figure 2.2: Radii change under deformation.

with the head as we shall see later on. More complicated deformation are left to a future work.
With the spherical symmetry of the IAB preserved, we have the following constraints in the current

configuration
ri <r<r, 0<6<2r, 0<¢<m. (2.20)

The radial vectors R and r are given in spherical coordinates

R cos© sin @, r cos @ sin ¢,
R= | Rsin® sin®d, and r= |rsinfsing, | - (2.21)
R cos ® T COS ¢

The material volume %71’ (R?® — R?) contained between spherical shells of radii R and R; remains

constant throughout deformation, being equal in volume to %7? (r3 — r3) so that

%W (R*—R}) = gw (rP=r)) = 1P=R+r]-R. (2.22)

The homogeneous deformation between the two configurations imply that

P=Ry+rP R 0=0, ¢=2a, (2.23)
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where the coordinates obey the constraints of equations (2.19)) and (2.20). Owing to the preservation

of spherical symmetry, the Lagrangean and Eulerian axes coincide, with one axis aligned to
the radial axis of the sphere and the other pair oriented arbitrarily normal to it so as to form a
mutually orthogonal triad. The principal stretch along the azimuthal and zenith axes is therefore
A = X9 = Ay = r/R. Since for an isochoric deformation, A, - A\g - Ay = 1 (Treloar, |1975), it follows
that the principal extension ratios are

R? r
M= A=Xg =Ny = —
T T2, 0 ¢ R’

where A is the azimuthal and polar principal stretch. It is noteworthy that in the reference configu-
ration, the principal stretches are {\; },—1 25 = 1 such that Iy, I5, I3 = 3. The Mooney-Rivlin strain

energy for small deformations as a function of the strain invariants of (2.18)), is,

where C and C, are appropriate choices for the IAB material moduli. The Mooney form (2.24))
has been shown to be valid even for large elastic deformations, provided that the elastic materials
exhibit incompressibility and are isotropic in their reference configurations (Mooney, |1940). For
mathematical scaling purposes that will soon become apparent, we rewrite asW = %W/ SO

that
1 1
W = 501(11 -3)+ 502(.[2 - 3). (2.25)

Note that equation(2.24) or (2.25) becomes the neo-Hookean strain energy relation when C'y = 0.

The deformation gradient F in spherical polar coordinates, may be written as

F= )\TGT®BR+)\¢€¢®€¢+)\9€9®€9
2

r
:ﬁer®6R—|——

r
R% Rep+ —ey®eg. (2.26)

R

The invariant equations, in polar coordinates, are therefore a function of the right Cauchy-Green,

and finger (Kaye et al., [ 1998)) deformation tensors given as
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Figure 2.3: Body stress distribution on continuum’s differential surface, dS.

TIAB Invariants

R* 272
_ rt  2R?
L=tr(C") = T (2.27b)

2.2.3 Stress Laws and Constitutive Equations

At issue is the magnitudes of the differential stress in the IAB in spherical polar coordinates from
a mechanical point of view; we will assume that thermodynamic properties such as temperature
and entropy have little to no contribution. The IAB material stress response, G , at any point in the
IAB at time ¢ is instrumental in defining the Cauchy stress, o, and the history of the motion up to

and including time ¢. The constitutive equation that relates the stress to an arbitrary motion will be

determined using (Truesdell and Noll, 1965))’s determinism for the stress principle. The constitutive
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relation for the nominal stress deformation for an elastic IAB material is given by

oA
oc=G(F)+ ng—F(F), (2.28)

where G is a functional with respect to the configuration x, ¢ acts as a Lagrange multiplier, and A
denotes the internal constraints of the IAB system. For an incompressible material, the indeterminate
Lagrange multiplier becomes the hydrostatic pressure i.e. ¢ = —p (Holzapfel et al., [2000). The

incompressibility isotropic assumption of the IAB material properties imply that A = det F — 1.

As such, we find from (2.28)) that

o = G(F) — pFadj * (F)
= G(F) — pFF " det(F)

= G(F) — pI (2.29)

where the last part of the equation follows from the isochoricity, det(F) = 1. In terms of the stored

strain energy, we can rewrite (2.29) as

Orr Or¢ Org

g — U¢T O-(f)(f) 0'¢€ :8—FFT—pI, (230)

Tor OT6g 009
where I is the identity tensor and p represents an arbitrary hydrostatic pressure. A visualization of

the component stresses of (2.30) on the walls of the IAB material is illustrated in It
follows that

oW Ol . OW Ol
= A pr 2 Z2RT
=% oF o or P
R . R RG] f
= Cigpt TCgpt o
1 ot (FFT) . 1 ow([FTF] ),
_501—817 +§CZ—@F F' —pl
— C\FF” — ¢, (FTF) ™ — pI (2.31)

== ClB — 02C72 - pI
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where as before, C = F'F and B = FF”. Thus, the constitutive law that governs the Cauchy

stress tensor is

Stress-Strain Constitutive Law

o=CB—-C,C?—plL (2.32)

It follows that the normal stresses are

R4 TS
Opp = =P+ CIF - O2ﬁ (2.33a)
7“2 R8
Ogg = Opp = —P + Clﬁ - 021”_8 (2.33b)

2.3 Contact-Free IAB Boundary Value Problem

Here, for didactic purposes, we analyze the stress and internal pressure equations of the IAB at
equilibrium. Later on, we describe the boundary value problem when the IAB is in contact with the

head. Consider the IAB with boundary conditions given by,
UTT|R=R0 = _Patma UTT|R=R¢ - _Patm - P (234)

where P, is the atmospheric pressure (which may be set to 0) and P > 0 is the internal pressure
exerted on the walls of the IAB above Py, i.e., P > Pyy,. Suppose that the IAB stress components
satisfy hydrostatic equilibrium, the equilibrium equations for the body force b’s physical component

vectors, b, by, by are

) 1 0 1 9 1

10 .
—b, = 5= (ro.) + m%(sm $0rg) + m%(are) -

29y (0’99 + O'¢¢) (2353.)

r

1 0 1 0 cot ¢

b r3or (row) + rsin ¢ 8¢<Sm $099) + rsin ¢ 00 (o05)

(099) (235b)
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1 0

1 1 9 (40)
rsin ¢ 00 700

_ 19 4 9, . 5
—bﬁ_ 7“_35(71 U@T)+ma—¢(81n ¢09¢)—|—

(2.35¢)

(see (Fung et al.,2001)). From the equation of balance of linear momentum (Cauchy’s first law of

motion), we have
div e + pb = pv (2.36)

where p is the IAB body mass density and v(x, t) = x;(X) is the velocity gradient. Owing to the
incompressibility assumption, we remark in passing that the mass density is uniform throughout
the body of the IAB material. When the IAB is at rest, v,(x) = 0Vx € B such that equation
loses its dependence on time. The assumed regularity of thus leads to the steady state
conditions for Cauchy’s first equation; the stress field o becomes self-equilibrated by virtue of the

spatial divergence and the symmetric properties of the stress tensor, so that we have

10
;5(7.20’1”7”) = (0pg + Tpg)- (2.37)

Expanding, we find that

1,90, a(r?)
P e = o

1| 00,
- A 2 rr| —
. {r 5 + 2ro } (o9 + 0ps)
a rr
P = On O — 200, (2.38)
do,r 1
- - -2 rr).
o r(099+a¢¢ Trr)

Integrating the above equation in the variable r, taking o,..(r,) = 0, and carrying out a change of

variables from 7 to R, we find that

To 1
o (0) = _/5 ;(099 + 0pp — 20, )dr, r; <6 <1

= /Rol( + 2 )drdRR<A<R
- A 7.0-60 U¢¢ UTTdR 9 1T = =~ e}

38



Ro p2
= —/ T—Q(O'eg + Opp — 2O'Tr>dR, Rl S A S RO
A

R, 1 RG R6 r
= —/A {201 <; — 7) — 205 <7 — ﬁ)} dR. (2.39)

In the same vein, using the boundary condition of (2.34)|, and taking the ambient pressure Py, = 0,
we find that

Ro p2
P= / —5 (000 + 04y — 20,,)dR, R; < R< R,
R T

Ro 7n2 1 RG R6 r
-], mlaG-w) e (F-m) )
To ,’,.3 R2 R4 ,,,.3

where r; < r < r,. Equations (2.39) and (2.40) completely determine the deformation kinematics
of the IAB material at rest. In the next chapter, we relate the head and neck force to the contact
forces on the IAB surface boundary using the component stress laws just derived when the overall

system is at rest.

2.3.1 Example: Radially symmetric deformation under gravity and applied internal pres-

sure

For an isochoric deformation of a Cauchy-Elastic IAB material with material moduli and configura-
tion radii as stated in the tables beneath the figures we would like to calculate and apply
the pressure from (2.40) such that the soft robot radially deforms to ; = R; + dcm for a given §
with a corresponding change in 7, as given by the relation r, = {’/Rg—i—r—f—Rf .

Figures[2.4] [2.5] 2.6 and [2.7|respectively illustrate the behavior of a representative volume of
an isotropic and incompressible [AB material under the application of the derived internal pressures
for a desired radial stretch. Whereas in [2.4{and we are interested in a uniform expansion of the
walls of the IAB material, in[2.6]and [2.7] we are concerned with a uniform contraction of the walls

of the IAB skin. For each desired expansion of contraction in the figures, the calculated pressure is
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IAB Skins Mesh Model Stress distribution
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| C1 | Gy | Ri(em) ri(em)| Ro(em)| ro(em) P(psi)| v | Tmesn(s)| Ti(s)|  p(kg/m?) |
| 11,000 22,0000 10 | 13 | 15 | 16.60| 14.552 0.45 0.8838| 4.7782] 9.8446 x 10~

Figure 2.4: IAB Deformation (Extension)

as given in the tables beneath the figure. A negative pressure signifies air being pumped out of the
bladder. In all, we notice a uniform displacement along the three Cartesian axes of the spherical
bodies, demonstrating the utility of the derived kinematics for the IAB systems under hydrostatic

equilibrium.
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